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Parr L-—The Theory of Moleculur Vortices epplied to Magnetic
Phenomena.

IN all phenomena involving attractions or repulsions, or any

forces depending on the relative position.of bodies, we have
to detérmine the magnitude and direction of the force which
would act on a given body, if placed in a given position.

In the case of & body acted on by the gravitation of a sphere,
this force is inversely as the square of the distance, ancij in a
straight line to the centre of the sphere, In the case of two
attracting spheres, or of a body not spherical, the magnitude
and direction of the force vary according to more complicated
laws. In electric and magnetic phenomena, the magnitude and
direction of the resultant foree at any point is the main snubject
of investigation. Suppose that the direction of the force at any
point is known, then, if we draw a line so that in every part of
1ts course it eoincides in direction with the force at that point,
this linec may be called a Zne of force, sinee 1t indicates the
direction of the force in every part of its course.

By drawing a sufficient number of lines of force, we may
indicate the direction of the foree in every part of the space in
which it acts,

Thus if we strew won filings on paper near & magnet, cach
filing will be magnetized by induction, and the consecutive
filings will unite by their opposite polm s0 as to form fibres,
and these fibres will indicale the divection of the lines of force,
The heautiful illustration of the presence of magnetic foree
afforded hy this experiment, naturally tends to makc us think of
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162  Prof. Maxwell on the Theory of Meleculur Vortices

the Yines of force as something real, and as indicating something
more than the mere resultant of two forees, whose seat of retion
isat » distanee, and which do not exist there at all until » mag-
net is placed in that part of the field. We are dissatisfied with
the explanation founded on the hypothesis of attractive and
repellent forces directed towards the magnetic poles, even though
wemay have satisfied onrselves that the phenomenon is in strict
accordance with that hypothesis, and we cannot help thinking
that in every place where we find these lincs of foree, some phy-
sical state or action must exist in sufficient cnergy to produce the
actual phenomena. .

My object in this paper is to clear the way for speculation in
this direction, by investigating the mechanical resulta of certain
states of tension and motion 1o a medium, and comparing these
with the observed phenomena of magnetism and electrieity. DBy
pointing out the mechanical consequences of such hypotheses, 1
hope to be of some use to those who consider the phenomena as
dne to the action of a medium, but are in doubt as to the relation
of this hypothesis to the experimental laws already established,
which have generally been expressed in the language of other
hypatheacs.

I have in a former paper* endeavoured to lay before the mind
of the geometer a elear conception of the relation of the lines of
force to the space in which they arc traced, By making use of
the conception of currents in a flmid, I showed how to draw lines
of forcs, which shonld indicate by their number the amaunt of
force, 80 that each line way be called a unit-line of force (see
Faraday’s * Researches,” 8122) ; and I have investigated the path
of the lines where they pass from one medium to enother.

In the same paper I have found the geometrieal significance
of the ¢ Electrotonie State,” and have shown how to deduce the
mathematical rclations between the electrotonic state, magnetism,

. electric currents, and the electromotive force, using mechanical
J illustrations to assist the imagination, but not to account for the
phenomena.

I propose now to examine magnetic phenomena from a mecha-
nical point of view, and to determine what tensions in, or motions
of, & medium are capahle of producing the mechanical pheno-
mens observed. If, by the same hypothesis, we can connect the
phenomena of maguetic attraction with electromagnetic phe-
nomena and with those of induced currents, we shall have found a
theory which, if not true, can only be proved to be erronecus by
experiments which will greatly enlarge our knowledge of this
part of physics.

* See e papet “ On Faraday's Lines of Force,” Cambridge Philosophieal
Trapsactions, vol. x. part L. .



applied to Magnetic Phenomena. 163

The mechanical conditions of a medium wuder magnetic in-
fluence have been variously conceived of, as currents, undula-
tions, or states of displacement or strain, or of pressure or stresn,

Currents, 1ssuing from the north pole and entering the south
pole of a magnet, or cirenlating round an cleetric current, have
the advantage of representing correetly the geometrical arrange-
ment of the lines of force, if we could acecount on mechanical
principles for the phenomena of attraction, or for the currents
themselves, or explain their continned existence.

Undulations issuing from a renire wonld, aceording to the cal-
culations of Professor Challis, produce an effect similar to attrac-
tion m the direction of the centre; but admicting this to be true,
we know that two series of undulations traversing the same space
do not combine into one resultant as two attractions do, but pro-
duce an effect depending on relations of phese as well as intensity,
and if allowed to proceed, they diverge frow esch other without
any mutual action, In fact the mathematical lawa of attractions
arc not analogous in any respect to those of undulations, while
they have remarkable analogies with those of currents, of the
conduction of heat and cleetricity, and of elastie bodies.

In the Cambridge and Dublin Mathematical Journal for
January 1847, Professor William Thomson has given a “ Mecha-
nical Repreeentation of Eleetric, Magnetic, and Galvanic Forces,”
by means of the displacements of the particles of an elastic solid
in a state of strain,  In this representation we must make the
angular displacement at every point of the salid proportional to
the magnetic force at the correspouding point of the magnetic
field, the direction of the axis of rotation of the displacement
corresponding to the direction of the magnetic force.  The abso-
lute displacement of any particle will then correspond in magni-
tude and direction to that which I have identified with the elee-
trotonic state; aed the relative displaccment of any particle,
considercd with reference to the particle in its immediate neigh-
bourhood, will correspond in magnitude and divection to the
quantity of electric current passing through the corresponding
point of the magneto-electric field. 'The author of this method
of representation does not attempt to explain the origin of the
observed forces by the effects due to these strains in the elastic
solid, but makes use of the niathematical analogies of the twe
problems to assist the imagination in the study of both.

We come now to eonsider the magnetic influence as existing
in the form of some kind of pressure or tension, or, more gene-
rally, of stress in the medium,

Stress 1s action and reaction between the consecutive parts of
a body, and consists in genecal of pressures or tensions different
1 different direetions st the srme naint of this medinm
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The necessary relations among these forces have been in-
vestigated by mathematicians; and it has been shown that the
mott general type of a stress consists of a combination of three
principal pressures or tensions, in directions at rvight angles to
each other. _

When two of the principal pressures ave equal, the third he-
comes an axis of symmetry, either of greatest or least pressure,
the pressures at right angles to this axis being all equal.

When the three principal pressures are equal, the pressure is
equal in every direction, and there results a stress having no
determinate sxis of direction, of which we have an example in
simple hydrostatic pressure.

The general type of a stress is not snitable as a representation
of a magnuetic force, becausc a line of magnetic foree has direc-
tion and intensity, but has no third quality indicating any dif-
ference between the sides of the line, which wounld be analogous
to that observed in the case of polarized light*,

We must therefore represent the magnetic force at a point by
a stress having a single axis of greatest or least pressure, and all
the pressures at right angles to this axis equal. It may be
objected that it is inconsistent to represent a line of force, which
1» essentially dipolar, by an axis of stress, which is nocessarily
isotropie ; but we know that every phenomenon of action and re-
action 1s isotropmic 1n 1ts results, because the effects of Lhe force
on the bodies between which it acts are equal and oppusite,
while the nature and origin of the force may be dipolar, as in
the attraction between a north and a sonth pole.

Let us next consider the mechaniesl eflect of & state of stress
symmetrical about an axis.  We may resolve it, in all cases, into
a simple hydrostatic pressure, combined with a simple pressure
or tension along the axis. When the axis is that of greatest
pressure, the foree along the axis will be & pressure. When the
axis 18 that of least pressure, the force along the axis will be a
tension.

If we observe the lincs of force between two megunets, as in-
dicated by iron filings, we shall see that whenever the lines of
foree pass from onc pule to another, there is eféraction between
thosc poles; and where the lines of force from the poles avoid
each other and are dispersed into space, the poles repel each
other, so that in both cases they are drawn in the direction of
the reanltant of the lines of force.

It appears therefore that the stress in the axis of a line of
maegnetic furce 1a a fension, like that of a rope.

If we calculate the lines of foree in the neighbourhood of two
gravitating hodies, we shall find them the same in direction as

* Bee Prreilay's * Rescorches,” (3252,
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those near two magnetic poles of the same name; but we know
that the mechanical effect is that of attraction instcad of re-
pulsion. The lines of force in this case do not run between the
hodies, but avoid cach other, and are dispersed over space. In
order to produce the effect of attraction, the stress along the
lines of gravitating force must be a pressure,

Let us now supposc that the phenonena of magnetism depend
on the existence of a tension in the direction of the lines of force,
combined with a hydrostatic pressure; or in other words, a pres-
Bure greater in the equatorial than in the axial direction: the
next question is, what mechanical explavation can we give of
this inequality of pressures in 2 fluid or inobile medium ¥ The
explanation which most readily occurs to the mind is that the
excess of pressure in the cquatoriul direction arises from the
centrifugal force of vortices or cddies in the medium having their
axes in directions parallel to the lines of force.

This explanation of the cause of the inequality of pressures
Bt once suggests the menns of representing the dipolar character
of the line of force. Every vortex is essentially dipolar, the two
extremities of its axis being distinguished by the direction of its
revolution as observed fram those points,

We also know that when cleetricity eirculates in & conductor,
it produces lines of magnetic force passing through the circuit,
the direction of the lines depending on the direction of the cir-
culation.  Let ws suppose that the direction of revolution of our
vortices is that in whicl vitrcous eleetricity must revolve in order
to produce lines of foree whose direction within the circuit is the
sane as that of the given lines of force.

We ghall suppose at present that all the vortices in any one
part of the field arc revolving in the same direction about axes
ncarly parallel, but that in passing from one part of the field to
another, the dircetion of the axes, the velocity of rotation, and
the density of the substance of the vortices are subject to change.
We shall investigate the resultant mechanical effect upon an
element of the medium, and from the mathematicnl expression
of this resultant we shall deduce the physical character of its
different component parta,

Prop. IL—1f in two fluid systems geometrically similar the
velocities and densities at corresponding points pre proportional,
then the differences of pressurc at corresponding pofits due to
the motion will vary in the duplicate ratio of the velocities and
the simple ratio of the densities.

Let £ be the ratio of the linear dimensions, m that of the velo-
cities, n that of the densities, and pi that &f the pressures due to
the motion.  Then the ratio of the masses of corresponding por.
tions will e % and the ratio of the volanit-oe armmived i
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traversing similar parts of the systergs will be m; so that Pmn
is the ratio of the momenta aequired by similar portions in
traversing similar parts of their paths. .

The ratic of the surfaces is /2, that of the forces acting on
them is I%, and that of the times during which they act 13

;i—; 80 that the ratio of the impulse of the forces is = and we

#p

have now
Pmn= —,
11

or
min=p;

that is, the ratio of the pressures due to the motion (p) is com-
pounded of the ratio of the densities {n) and the duplicate ratio
of the velocities (m?), and does not depend on the linear dimen-
sions of the moving systems.

In a cireular vortex, revolving with uniform angular velocity,
if the pressure at the axis is p,, that at the circumference will be
Pr=po+1pt®, where p ia the density and » the velocity at the
circumference. The mean pressure parallel to the axia will be

Pot 300" =Py
If a number of such vortices were placed together side by side
with their azes parallel, they would form a medium in which
there would be a pressure p, parallel to the axes, and a pressure
71 in any perpendicular direction. If the vartices are eircular,
and have uniform angular velocity and density throughout, then

P—re=4pv*.
If the vortices are not circular, and if the angular velocity and
the density are not uniform, but vary according to the same law
for all the vortices,

P —pa=Cp??,
where p is the mean density, snd C is a namerical quantity de-
pending on the distribution of angular velocity and density in

H

the vortex. In futare we shall write /- instead of Cp, 5o that

1
I’l""]"a=z,;#”g: B #3

where p 1¢ 8 quantity bearing a constant ratio to the density, and
v is the linear velocity at the circumference of each vortex.

A medium of this kind, filled with molecolar vortices having
their axes parallel, differs from an ordinary fluid in having dif.
ferent pressures in different directions. If not prevented by
properly arranged pressuves, it would tend to expand laterally.
In so doing, 1t would allow the diameter of each vortex to cxpand
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and its velocity to diminish in the eame proportion. In order
thet a medium having these inequalities of pressure in different
directions should be in equilibrium, certain conditions must be
fulfilled, which we must investigate. .

Prop. IL.—If the direction-cosines of the axes of the vortices
with respect to the axes of z, y, and 2z be /, m, and n, to find the
normal and tangential stresses on the coordinate planes.

The actual ‘stress may be resolved into a simple hydrostatic
pressure p, acting in all directions, and a simple tension p, —p,,
or — put*, acting along the axis of stress.

Hence if p,., p,,, and p,, be the normal stresses parallel to
the three axes, considered positive when they tend to inerease
those axes ; and if p,., p,., and p,, be the tangential stresses in
the three coordinate planes, considered positive when they tend
to increase aimultaneously the symbols subscribed, then by the

resolution of stresses*,

1
Py= g poimE—p

1
Pee= in F”Qﬂ! i L

If we write
“ a=pvl, B=vm, and y=uvn,
then

1 1
Far= 4;'7_}-"“%_331 Bys— EF‘B’Y

1 1
Poy= 7= uF—p, Pou= #1723 ()

1 1
D= Em’ﬂpl Pay= 4—71_#“3-

Prap, 111, -~To find the regultant force on an element of the
medium, arising from the vaniation of internal stress.

* Rankine’s * Applied Meclhanies,’ art. 106,
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We have in general, for the force in the direction of z per unit
of volume by the law of equilibrium of stresses*,

d_ . d_ , d
X= pbat plut b - -« o - - ()

In this case the expression may be written

SR C7E B T
+ ;’V)ﬁmj:}. N )
Remembering that a +ﬁ % %%(a.‘-}- 5% +47), this
becomes |
ma g (3 et L g+ L (o)) + g B
de d &' da
dB  da dPl
Ly (d.r dy)+ m(“"") ®)

The expressions for the forces parallel to the axes of y and z may
be written down from analogy.

We have now to interpret the meaning of each term of this
expression,

We suppose «, B, y to be the components of the force which
would act upon that end of & unit magnetic bar which points to
the north. ,

p represents the magnetic inductive capacity of the medium
at any point referred to nir as a standard. pa, 48, wy represent
the quanut{ of magnetie induction through unit of area perpen-
dicular to the three axes of z, y, z respectively.

The total amount of magnetic induction through a closed sur-
face surrounding the pole of a magnet, depends entirely on the
strength of that pole; so that if dzdy dz be an element, then

d d 1
(am+@pﬁ+ ém)dxdyd":hmdxdydz, . (6)

which represents the total amount of magnetic induetion out-
wards through the surface of the clement d dy dz, represents
the amount of * imaginary magnetic matter ” within the element,
of the kind which points north. ‘

- The first term of the value of X, therelove,

1 7d d d
=§(£M+3§#ﬁ+£w),- N e

B, . e . e e e e e . (B
* Rankine'’s * Applied Mechanies,' art. 116,

may be written
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where & 18 the intensity of the magnetic force, and m is the
amount of wagnctic matter puinting north in unit of volume.

The physieal interpretation of this term is, that the foree
urging a vorth pole in the positive direction of x is the product
of the intensity of the magnetic force resolved in that direction,
and the strength of the north pele of the magnet.

Let the parallel lines from left to right in fig. 1 represent a
field of magnetic force such as that of the earth, sn being the
dircction from south to north. The vortices, according to our
hypothesis, will be in the dircction shown by the arrowe in fig. 3,
that is, in a plane perFendicular to the lines of force, and revoly-
ing in the direction of the hands of a watch when observed from
§ looking towards a.  The parts of the vortices above the plane
of the paper will be moving towards e, and the parts below that
plane towards w. '

We shall always mark by an arrow-head the direction in which
we must look in order to see the vortices rotsting in the direc-
tion of the hands of a watch. The arrow-head will then indicate
the rorfhward direction in the magnetic field, that is, the direc~
tion in which that cnd of a magnet which points to the north
would set itself in the ficld,

Now let A be the end

of 8 magnet which points Fig. 1, :
north. Since it repels the it >
north enc}s of other mag- T\ /,, >
nets, the lines of force will A

be directed from A out- & ce—{3——>D ”
wards in all dircctions. N

On the north side the line ™ g N ~
AD will be in the same e >
direction with the lines of

the magnetic ficld, and the Fig. 2.

velocity of the vartices will -
be tncrensed. On the south N, Vi »
side the line A C will be in YL -
the opposite direction, and ¢ E—> (@) «——T Z
the velocity of the vortices I -
will be diminished, sothat 7 | % -

the lines of foree are more
powerful on the north side
of Athan on the southside,

We have seen that the
mechanical effect of the
vortices 18 to producc a
tension along their axes,
30 that the resultant etfect
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on A will be to pull it more powerfully towards D than towards
C; that is, A will tend to move to the north,

Let B in fig. 2 represent a south pole. The lines of force
belonging to B will tend fowarde B, and we shall find that the
lines of force aro rendered stronger towards E than towards F,
80 that the effeot in thia case is to urge B towards the south.

It wppears therefore that, on the hypothesis of molecular vor-
tioes; our first term gives a mechanical explanation of the force
acting on a north or south pole in the maguetic field.

. We now proceed to examine the sccond term,

1 d
Ay )

Here «*+ 8%+ +® is the square of the intensity at any part o
the field, and 4 is the magnetic inductive capacity at the same
place. Any body therefore placed in the field will be urged
towards places of stronger magnelic infensity with a force depend-
ing partf;f on its own capacity for magnetic induction, and partly
on the rate at which the square of the intensity increases.

If the body be placed in a fluid medium, then the medinm, as
well as the body, will be urged towards places of greater intensity,
so that its hydrostatic pressure will be increased in that direc-
tion. The resultant effect on a body placed in the medium will
be the difference of the actions on the body and on the portion

-of the medinm which it displaces, so that the body will tend to

or from places of greatest magnetic intensity, according as it has
a greater or less capacity for magpetic induction than the sur-
rounding medium.

In fig. 4 the lines of force are represented as converging and
becoming more powerful towards the right, so that the magnetic
tension at B is stronger than at A, and the body A B will be
urged to the right. If the capacity for magnetic induction is
greater in the body than in the surrounding medium, it will move
to the right, but 1f less it will move to the left.

Fig. 4. Fig. 5.

. 2

ST

We may supﬁose in this case that the lines of foree are con-
verging to a magnetic pole, either north or south, on the right
hand.

In fig. 6 the lines of force are represented as vertical, and be-

c
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coming more numerous towards the right. It may be shown
that if the force increases towards the right, the lines of force
will be curved towards the right. The effect of the magnetic
tensions will then be to draw any hody towards the right with a
force depending on the cxcess ofy its inductive capacity over that
of the surrounding medinm.

We may ruppose that in this figure the lines of force are
those surrounding an electric current perpendicular to the plane
of the paper and on the right hand OlP:he figure.

These two illustrations will show the mechanical effect on a
paramagnetic or dinmagnetic body placed in a field of varying
magnetic foree, whether the increase of force takes place along
the lines or trausverse to them. The form of the second term
of our equation indicates the general law, which is quite inde-
pendent of the direction of the lines of force, and depends solely
on the manner in which the force waries from one part of the
field to another.

We come now to the third term of the value of X,

8 I (dB rz'a)

Koo \de — dy)”
Here pf3 1s, as before, the quantity of magnetic induction through
unit of area perpendienlar to the axis of y, and i—g -—% is a
quantity which would disappear if adz -+ Sdy +ydz were & com-
pletc differentisl, that is, it the force acting on a unit north pole
were subject to the condition that no work can be done upon
the pole m passing round any closed curve.  The quantity repre-
sents the work done on a north pole in travelling round unit of
area in the direction from + & to 4y paralle] to the plane of ay.
Now if an electric current wlwse strength is r is traversing the
axis of z, which, we may suppose, poiuts vertically upwards, then,
if the axis of & is cast aud that of y north, & unit north pole will
be urged round the axis of 2 in the divection from « to %, eo
that in one revolution the work done will be = dmr.  Hence

4'}‘({(% — d_;) represents the strength of an electric current
‘P oK
parailel to z through unit of area ; and if we write

L (% dﬁ')._ 1_(4%_‘3_7)_ 1 (@_@) -
gy T E) TP\l T &) S0 T\l gy = O
then p, ¢, 7 will be the quantity of electric current per unit of
area perpendicular to the axes of z, y, end # respectively.

The physical interpretation of the third term of X, —u8r, 8

that if u@ is the quantity of megnetic induction parsliel to y, end
# the quantity of eleetricity flowing in the direction of z, the
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element will be urged in the direction of —z, transversely to the
direction of the current and of the lines of force; that is, an
‘ascending current in a field of force magnetized towards the north
would tend to move wes?,

To illustrate the action of the molecular vor- Fig. 6.
tices, let 57 be the direction of magnetic force "
in the field, and let C be the section of an 1 4 'LL i

ascending megnetic current perpendicular to 1
the paper. The lines of force due to this enrrent (
will be circles drawn in the opposite direction 14
from that of the hands of a watch ; that is,in the o
direction nwse. At e the lines of force will be
the sum of those of the field and of the current, P
and at w they will be the difference of the two
sets of lincs; so that the vortices on the east side of the current
will be more powerful than those on the west side. Doth sets
of vortiees have their equatorial parts turned towards C, so that
they tend to cxpand towards C, but those on the east side have
the greatest effect, so Lhat the resultant effect on the current is to
urge it towards the west,

he fourth term, -

1/da 4
+WE(&§"?¢%«)’°’ oy, o o (10)

‘may be interpreted in the same way, and indicates that a eurrent
¢ 1n the direction of y, that is, to the north, placed in a magnctic
. field in which the lincs are vertically upwards in the dircetion of
2, will be urged towards the east. :

The fifth term,

dpy

3
merely implies that the element will be urged in the direction in
which the hydrostatic pressure p, diminishes.

We may now write down the cxpressions for the components
of the resultant force gn an element of the medium per unit of
volume, thus:

dp,

1 d
X=ﬂm+§#d§(?’g)"#ﬁ"+#¢9‘—ﬁ, - (12)
— L i 2 —ﬂ;”ll
Y—Bm+8w_pdy(v3—-wp+wf & 0 19

1 d 4
Z=7m+gw#g;(v*)—#aqﬂﬁpm;}-";'- - - (14)

The first term of each expression refers to the foree acting on
maguetic poles.
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The sccond term to the action on bodies capable of magnetism
by induction.

The third and fourth terms to the foree acting on electrie
carrents.

And the fifth to the cffect of simple pressure.

Before going further in the general investigation, we shall
consider equationa (12, 13, 14,) in particular cases, corresponding
to those simpliticd cascs of the actnal phenomena which we seck
to obtain in order to detcrmine their lawa by experiment.

We have found that the guantities p, g, amd 7 represent the
rosolved parts of an electric current in the three coordinate
divections. Let na suppose in the first instance that there is no
clectric current, or that p, ¢, and » vanish. We have then by (9),

dy dB8_, da_dy_ dB _de_

P I it A e v T o
whenee we learn that

ade+Bdy +ydz=d¢p . . . . . . . . . (16)
is an exact differential of ¢, so that

b o dd_dd |

= o= 0= Lo

4 is proportional to the density of the vortices, and represents the
“ capacity for magnetie induetion ” in the medinm. [t is equal
to 1 in aur, or in whatever medinm the experiments were made
which deterinined the powers of the maguets, the strengths of
the electrie enrrents, &c.

Lt us suppose g constant, then

m= Zl;r(% (e} + gy(#ﬁ)# %(M))

=L (B0, 08
“mastar T
represents the amount of imaginary magnetic matter in unit of
volmmne, That therc may be no resultant force on that unit of
volume avising from the action represented by the first term of
equations (12, 13, 14), we must have m=0, or
¢ ' 4%
7t ta=%
Now it may be shown that equation (19), if true within a given
space, implies that the forces acting within that space are such
ax would result from a distribution of centres of force beyond
that space, attracting or repelling inversely as the square of the
distanee. :

(18)

.. (19)
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Hence the lines of foree in a part of space where u 1s uniform,
and where there are no electric carrents, must be such as would
vesult from the theory of “imaginary matter” acting at a di-
stance. The assumptions of that theory are unlike those of ours,
but the results are identical.

Let us first take the case of a single magnetic pole, that is,
one end of a long magnet, so long that its other end 19 too far
off to baye a perceptible influence on the part of the field we are
considering. The conditions then are, that eguation (18) must
be fulfilled at the magnetic pole, and [19) everywhere else. The
only solution under thgse conditions is

~

- m ]
qb:—;;,. e o 20

where r is the distance from the pole, and m the strength of the
pole,

The repulsion at any point on a unit pole of the same kind is

d m o1
el (21)

In the standard medium p=1; o that the repulsion is simply
:—;— in that medium, as has been shown by Coulomb.

In a medium having a greater value of u (such as oxygen,
solutions of salts of iron, &ec.) the attraction, on our theory, ought
to be Zess than m air, and in diamagnetic media (such as water,
melted bismuth, &e.) the attraction between the same magnetic
poles ought to be greater than in air,

The experiments necessary to demonstrate the difference of
attraction of iwo magnets according to the magnctic or dia-
magnetic charncter of the mediem i which they are placed,
would require great precision, on account of the limited range
of magnetic cappeity in the flud media known to us, and the
small amount of the difference sought for as compared with the
whole attraction.

Let us next take the case of an electric current whose quan-
tity is C, flowing through a eylindrical conductor whose radius
is R, and whose length )s infinite as compared with the size of
the field of force considered. :

Let the axis of the cylinder be that of z, and the direction of
the current positive, then within the conductor the quantity of
current per unit of area is

C 1 (dﬁ da)

TR dn\de

R € 7]
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so that within the conductor

am—20y, B=20z, y=0.. . . . (3

ond the condnetor, in the space vound 1
d th dnet the sp 11t,

(}b=2CI.ﬂn"‘g,. T 27

dp .Y _dp z _dd -
a= E_ 2(/3&_'_?,.‘, B—E}—Zcxg_*_?, -y_d—z_[). (2:])

If p=s/m'3}é is the perpendicular distance of any point from
the axis of the conductor, a unit north pole will experience a

force = 8'9‘, tending to move it round the conductor in the

dircetion of the hands of a wateh, if the observer view it in the
dircetion of the current.,

Let us now consider a current running parallel to the axis of
zin the plane of &z at a distance p.  Let the quantity of the

enrrent be &, and let the Iength of the part considered be 4, and
'

its section s, 8o that % is its strength per unit of section. Put-

ting thir quantity for p in equations (12, 18, 14), we find
. 4
X=—up8 3

per unit of volume; and multiplying by /s, the volume of the
conductar considered, we find

X = — B0

-_-—2;5903, O 28]
. P
showing that the sccond conductor will be attracted towards the
first with & force inverscly as the distance.

We find in this case also that the amount of attraction depends
o the value of g, but that it varies directly instead of inversely
as & ; so that the attraction between two conducting wires will be
greater in oxygen than in air, and greater in air than in water.

We shall next consider the nature of electric eurrents and
clectromotive forces in connexion with the theory of molecular
vorLices.



XL1Y. On Physical Linés of Force. By J. C. MaxweLy, Pro-
Jessor of Natural Plilosuphy in King’s College, London+t.
: [With a Plate.]
Pawr IL.~The Theory of Molecular Vortices applied to Electric
Currents,

W'E. have already ehown that all the forces acting between
magnets, subatances capable of magnetic induction, and
electric currents, may be mechanically accounted for on the sup-

* Thin fifteenth paragraph may be taken as an abstract of my pa
“Onthe Revolutiona! Velacities and Distances of the Planets,” rea;{ bem
the Royal Astronomical Socicty, Jan. 11, 1861,

1 Communicated by the Author,
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position that the surrounding medium is put into such a state
that at every point the pressures are different in different direc-
tions, the direction of least pressure being that of the observed
lines of force, and the difference of greatest and lesst pressures
being proportionsl to the square of the intensity of the force at
that point. _

Such a state of stress, if assumed to exist in the medium, and
to be arranged according to the known laws regulating lines of
force, will sct upon the magnets, currents, &c. in the field with
precisely the same’ resultant forces ms those calenlated on the
ordinary hypothesis of direct uction at a distence. This is true
independently of any particular theory as to the cause of this
state of steess, or the mode in which 1t can be sustained in the
medium. We have therefors a satisfactory anawer to the ques-
tion, “* Is there any mechanical hypothesis as to the condition of
the medium indicated by lines of force, hy which the observed
resultant forces may be accounted for?” The answer is, the
lines of force indicate the direction of minimum pressure at every
point of the medium. '

The second question must be, “ What is the mechanieal canze
of this difference of pressure in different directions?” We have
supposed, in the first part of this paper, that this difference of
pressures is caused by molecular vortices, having their axes
parallel to the lines of force.

We also assumed, perfectly arbitrarily, that the direction of
these vortices is such that, on looking along a line of force from
south to north, we should see the vortices revolving in the direc-

tion of the hands of a watch,

We found that the velocity of the cirenmference of each vortex
must be proportional to the intensity of the magnetic foree, and
that the density of the substance of the voriex must be propor-
tional to the capacity of the medium for magnetic induction.

We liave a8 yet given no answers to the guestions, ““ How are
these vortices set in rutatiun I” and “ Why are they arranged
aomrdin% to the known laws of lines of forte about magnets and
currents 1’ 'Thess questions are certainly of o higher order of
difficulty than either of the former; and I wish to separate the
suggeations I may offer by way of provisional answer to them,
from the mechanical deductions whici resolved the first question,
and the hypothesis of vortices which gave a probable answer to-
the secont{po g

‘We have, in fact, now come to inquire into the physical con.
nexion of these vortices with electric currents, whiﬁa we are still
in doubt s to the nature of electricity, whether it is one suh-
atande, two substances, or not a substance 4t all, or in what way
it differs from matter, and how it is connected with it.
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We know that the lines of force are affected by electric cnr-
rents, and we know the distribution of those lines about a cur-
rent ; so that from the force we can determine the amount of the
current.  Assuming that our explanation of the lincs of foree
by molecular vortices is vorrect, why does a particular distribus
tion of vortices indicate an electric current? A satisfactory
sugwer to this question wonld lead us a long way towards that
of & very important one, ** What is an electric eurrent £’

I have found great difficulty in conceiving of the existence of
vortices in & medium, side by side, revolving in the same direc-
tion about parallel axes. The contiguous portions of consecu-
tive vortices must be moving in opposite directions ; and it is
difficult to understand how the motion of one part of the medium
can coexist with, and even produce, an opposite motion of a part
in contact with it,

The only conception which has at all aided me in coreeivin
of this kind of motion is that of the vortices being separated by
a layer of particles, revolving each on its own axis in the oppo-
site dircction to that of the vortices, so that the contignous sur-
faces of the particles and of the vortices have the same motion.

In mechanism, when two wheels are intended to revolve in
the same direction, e wheel is placed hetween them so rs to be
in gear with both, and this wheel is called an *idle wheel,”
The hypothesis about the vortices which T have to suggest is
thai a layer of particles, acting as idle wheels, is interposed be-
tween each vortex and the next, so that each vortex has a ten-
dency to make the neighbouring vortices revolve in the same
direction with itself.

In mechanistn, the idle wheel is generally made to rotate
about & fized axle ; but in epicyclic trains and other contrivances,
a3, for instanec, in Siemens’s governor for steam-engines*, we
find idle wheels whose centres are capable of motion. In all
these cases the motion of the centre is the half sum of the motions
of the circumferences of the wheels between which it is placed.
Let us cxamine the relations which must subsist between the
raotions of our vortices and those of the layer of particles inter.
posed as idle wheels between ther.

Prop, 1V.—~To determine the motion of a layer of particles
separating two vortices,

Let the circumferential velocity of a vortex, multiplied by the
three direction-cosines of its axis respectively, be «, 8, v, as in
Prop. L. et 1, m, n be the direction-cosines of the normal to
any part of the surface of this vortex, the outside of the surface
being regarded positive. Then the components of the velovity
of the particles of the vortex at this part of its surface will be

* Bee Goodeve’s * Elements of Mechanizm,' p. 118,
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nf8—my parallel to @,
Iy —na perallel to y,
ma—I8 parallel to 2,

If this portion of the surface be in contact with another vortex
whose velocities gre o', &, o, then a Jayer of very small particles
placed between them will have a velocity which will be the mean
of the superficial velocities of the vortices which they separate, so
that if u is the velocity of the particles in the direction of ,

u=dmly —q)~in(B'—H), . - . - @7

gince the normal to the second vortex is in the oppasite direction
to that of the first.

Prop. V.—To determine the whole amount of particles
transferred across unit of area in the direction of z in umt of
time. )

Let z,, ¥,, #; be the coordinates of the centre of the first vor-
tex, Ty Vo g ti:ose of the gecond, and so on. Let V,, V,, &c.
be the volumes of the first, second, &e. vortices, and V the sum
of their volumes. ILet dS be an element of the surface scpara-
ting the first and recond vortices, and z, ¥, # its courdinates,
Let p be the quantity of particles on every unit of surface.
Then if p be the whole quantity of particles transferred across
unit of area in unit of time in the direction of x, the whole mo-
mentum parallel to & of the particles within the space whose

volume is V will be Vp, and we shall have
Vp=ZupdS, . . . . . . (2B

the summation being extended to every surface separating any

two vortices within the volume V.

Let us consider the surface separating the first and second
vortices. Let mn element of this surface be 4S, and let its
direction-cosines be 4, m,, n, with respcet to the first vortex, and
I, mg, ng with respect to the sccond ; then we know that

Li,=0, m+mg=0, nmt+ng=0. . . (29)

The values of a, 8, y vary with the position of the centre of
the vortex; so that we may write

da d: 4
g=ua,+ Iz (zg—) + “5‘ we—w) + EE (zg=2), (30)

with similar equations for 8 and .
The value of u may be written:—
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ﬁg(ml --.‘x‘l)-&-mg(z'—.rgj)

%dg( sy =~y.) -+ mgly— ./9) ( (x—~ 2';)+mg(2-—3‘g))
1‘8( (2 —2,) + ngfz— "’"i!)) ‘3 ( {y— ./1)'1""9./""%))
ldﬂ(nl(zmzl)+nl(z—zg)). e e e e e s (31

In effecting the summation of ZupdS, we muet remember that
round any closed surface 2/dS and all similar terms vanish ; also
that terme of the form 2lydS, where ! and y are measred in
different directions, also vamsh but that terms of the form
ZlrdS, where { and x refer to the same axis of coordinates, do
not vanish, but are equal to the volume enclosed by the surface,
The result is

Vp%p(‘*’ PY Vvt &e); .. @)

or dividing by V=V, 4+ V_+ &e¢.,

1 (dy dB i
I]-—Ep(d—'y— ?; . . - - - . - . r (38)
If we make
]
P= Q;;, [ . " . " " " » . [} . (34}

then equation (83) will he identical with the first of equations (9),
which give the relation between the quantity of an electrie eur-
rent and the intensity of the lincs of foree suwrrounding it.

It appears thercfore thal, according to our hypothesis, an
electric current is represented by the transference of the move-
able particles interposcd between the neighbouring vortices. We
may conceive that these particles ave very sinall compared with
the size of a vortex, amd that the mass of all the particles
together is inappreciable compared with that of the vortices, and
that a great many vortices, with their swrrounding particles, are
contained in a single complete molceule of the medium.  The
particles must be conecived to roll without sliding between the
vortices which they separate, and not to touch cach other, so
that, az long as they remain within the saine complete molecule,
them 18 no loss of energy by resistance. When, Luwever there
is a general transference of particles in one direction, the}r muat
pasa from one molceule to another, and in doing so, may ex-
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ﬁenence resistance, 80 as to waste electrical energy and generate

eat.
Now let us suppose the vortices arranged in & medinin in any

arbitrary menner, 'The guantities dy_ 23 , &e. will then in
general have values, so that there will at first be electrical cur-
* rents in the medium. These will be opposed by the electrical
resistance of the medium ; so that, unless they are kept up by a
eontinuous supply of force, they will quickly disappear, and we
shall then have 7% — 98 0, . ; that is, ade+ Bity + yds will
be a complete differential (see equations (16) and (16)) ; so that
our hypothesia accounta for the aistribution of the lines of force.

In Plate V. fig. 1, let the vertical circle E E represent an elec-
tric current flowing from copper C to zinc Z through the con-
daetor B F/, ne shown by the arrows.

" Let the horizontal circle M M' represent a line of magnetie
force embracing the electric circuit, the north and south diree-
tions being indicated by the lines SN and N 8.

" Let the vertical cireles V and V' represent the molecular vor-
tices of which the line of magnetic force is the axis. 'V revolves
as the hands of a watch, and V’ the opposite way.

It will appear from this diagram, that if V and V/ were conti-
guons vortices, particles placed between them would move down-
wards ; and that if tht particles were forced downwards by any
cause, they would make the vortices revolye as in the figure,
We have thus obtained a point of view from which we may regard
the reltion of an electrie crrent to its lines of force as analogous
to the relation of a toothed wheel or rack to wheels which it
drives. _ '

In the first part of the paper we investigated the relations of
the statical forces of the system. We have now considered the
connexion of the motions of the parts considered as a system of
mechanism. It remains that we should investigate the dynamics
of the system, aud determine the forcea necessary to produce
given chanpes in the motions of the different parts.

Prop. VI.—To determine the actual energy of a portion of a
mediam doe to the motion of the vortices within it.

Tt &, B, 7 be the components of the circumferential velocity,
as in Prop. I1., then the actual energy of the vortiees in unit of
volume will be proportional to the density and to the square of
the velocity. As we do not know the distribution of density and
velocity in each vortex, we cannot determine the numerical value
of the energy directly; but since 4 also bears a constant though
unknown ratio to the mean density, let us assume that the energy
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in unit of volume is
E=Cu{a®+8"+9%,

where C is & constent to be determined.
Lzt us take the ease in which

m:..—%g, B:fi—i, 7:%. e 4 [35)

=¢ +do, . . . . . . . . (36
and let P=ditd (#%)

B (d | A%, %)_ #(‘F#’e oy e\ _ |
4«(@ T g ) mmend T g g ) = mes B
then ¢, is the potential at any point due to the magnetic system
my, and ¢, that due to the distribution of magnetism represented

by m,.  The actunl energy of all the vortices is

E=XC0u(a®+8" +1"dV, . . . . (89)

the infegratipn being performed ever all space.
Thia ms% be shown by integration by parts (see Green’s
‘ Essay on Elecuricity,” p. 10} Lo be equal to

Bz — 4w CE{ym, + bymy -+ ymy+pem)dV. . (89)
Or since it has been proved (Green’s ¢ Essay,’ p. 10) that

ZpymgdV = E‘f’emldvx_
E= —4nC(pm, + dgmy+ 2 ymg)dV. . . . (40)

Now let the magnetic system m, remain at rest, and let m, be
moved parallel to itself in the direction of # through = spac:'%a: ;
then, since ¢, depends on m, on‘liy, it will remain s before, so
that ¢y m, will be constant; and since ¢, depends on m, only,
the distribution of ¢, about mg will remain the same, so that
¢omg will be the same as before the change. The only part of
E that will be altered is that depending on 2¢,m,, because ¢,

becomes ¢, + % &z on account of the displacement. The varia-

Tt

tion of actusl energy due to the displacement is therefore
SE= —4xC3, (2% m,) dVée. . . (41)

But by equation (1?), the work done by the mechanical forces
on m, during the motion is

ds
SW=3 (—Eil!mng)Sx P e .. (4
and since our hypothesis is a purely mechanical one, we muat
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have by the conservation of force,
SE+SW=0; . . . . . . 0 (43)

that is, the Joss of energy of the vortices must be made up by
work done in moving magnets, so that

;45_1{:2(2% m,dV)Sz-{-E(%" m,dV)S.r:O,

1
C=§;;; . . L [ L] . L] L] * ] (4‘4‘)

80 that the energy of the vortices in unit of volume is
_ S—L—p(a‘+ﬁ'+fy'); e e e e e . os (45)
and that of a vortex whose volume is Vis
@IV e o (48)

In order to produce or destroy this energy, work must be ex-
pended oiy, or received from, the vortex, either by the tangential
action of the layer of partitles in contact with it, or by change
of form in the vortex. We shall first investigate the tangential
action between the vortices and the layer of particles in contact
with them.

. VII.—To find the energy spent upon a vortex in unit of
time by the layer of particles which surrounds it,

Let P, Q, R be the forces acting on unity of the particles in
the three coordinate directions, these quantitics being fanections
of #, y, and 2. Since each particle touches two vortices at the
extremities of a diameter, the reaction of the particle on the vor-
tices will be equally divided, and will be

1 1 1
—EP' '—QQ: _58‘

on each vortex for unity of the particles ; but since the superficial
density of the particles is 2171_- (see equation (34)), the forces on

unit of surface of & vortex wili be

1 1 1
—‘EP’ _EQ, —?Gna

Now let dS be an element of the surface of a vortex. Let the
direction-cosines of the normal be /, m, 7. Let the coordinates
of the element be 2, y, 2. Let the component velocities of the
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surface be u, v, 1. Then the work expended on that element
of surface will be

adE 1
=" m (Put+Qu+Ru)dS. . . . . (47)
Let us begin with the first term, PudS, P may he written

dP _ dP  dP
Pu"l"Ecr'*‘@y"I'Ez_z’ [} a L] " » L} (48)

and
u=nf—my.

I]llememheriu g that the surface of the vortex is n closed one, so
that
ZnxdS =3ZmzdS=TnydS=SmzdS =0,

Emyds =Enzd’S -—-.-V,

and

we find
P, 4P
_ZPuds.—.(R?s—Ey_f,)v,. C .. (49)

and the whole work done on the vortex in unit of time will be

= %E(Pu+ Qv+ Ruw)dS

“w{=(a=5) 8 (-0 +(F-2)}v.o0

Prop. VIIL.~-To find the relations between the alterations of
motion of the vortices, and the forces I', Q, B which they exert
or the layer of particles between them.

Let V be the volume of & vortex, then by (46) its energy is

1
E=g—?;p(a’+ﬁ"+7’)v, R (13

and .
dE_ 1 de  dB dy
Er—ﬂpV(&;ﬂ”l‘BEE-i-'y EE). + « (B2)
Comparing this value with that given in equation (60), we find
dQ dR ds) (dﬂ. AP 4B
(-G ) (R-F-2)
dP_dQ  d
+7(~—gy*——-$ _PRT =0, s e e w (53)
This equation being true for all values of &, 8, and 7, first let
A and  vanish, and Eivide by a. We find
Phil. Mag. 8. 4. Vol, 21. Na, 140, April 1861, U
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dz dy dt

Similarly, o
J_Ij_*éz_dﬁ......(f)d,)
de  dz T al’

and

Framir Sl A
From these equations we may determine the relation between
the alterations of motion %, %e. and the forces exerted on the

Jayers of particies between the vortices, or, in the language of
our hypothesis, the rclation between changes in the state of the
mlagnetic field and the electromotive forces thereby brought into
play.
n a memoir “On the Dynamical Theory of Diffraction”
%Cambridge Philosophical Transactions, vol. ix. part 1, section 6),
rofessor Stokes has given a method by which we may solve
equations (54}, and find P, Q, and R in terms of the quantities
on the right-hand of those equations. I have pointed out* the
application of this method to questions in electricity and mag-
netism. )
Let us then find threc quantities ¥, G, H from the equations

a6 _an_

dz d_y_p“’

dH  2F

B g O
dF _dG _

dy " dw PV

with the conditions

1/d 4 d '
%(ﬁpﬁaﬂmﬁm):m:o, . (56)

and ’
dF dG dH

EtE T (67)

Differentiating (55) with respect to ¢, and comparing with (54),
we find

dF G aH

d
P— ??, Qﬂ -E;t—, R= ?t_. « v e (58)

* Cambridge Philosophical Transactions, vol. x. 1. art. 3, *On
Faraday's Lines of Force.” post

s,
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We have thus determined three quantities, ¥, G, H, from which
wecan find P, @, and R by constdering these Iatter quantities
a8 the rates at which the former ones vary. Inthe paper already
referred to, I have given reasons for considering the quantities
F, G, H as the resolved parts of that which Faraday has conjec.
tured to exist, and has called the electrotonic state. In that
paper I havo stated the mathematical relations between this elec-
trotonic state end the lines of magnetic force as expressed in
equations (55), and also hetween the electrotonic state and elec.
tromotive force as expressed in equations (58). We must now
endeavour to interpret them from a mechanical point of view
in conoexion with our hypothesis.

We shall in the first place exaraine the process by which the
lines of force are produced by an electric current,

Let AB, PLYV, fig. 2, represent a current of electricity in the
direction from A to B. Let the large spaces above and helow
A B represent the vortices, and let the small circles separating
the vortices represent the layers of prrticles placed between them s
which in our hypothesis represent electricity,

Now let an electric current from left to right commence in
AB. The row of vortices g4 above AB will be set in motion
in the opposite direction to that of a watoh, (We shall call this
direction -, and that of a watch —.) We shall suppose the
row of vortiees %/ still at rest, then the layer of particles between
these rows will be acted on by the row g4 on their lower sides,
and will be ot rest above, If they are free to move, they will
rotate in the negative direction, and will at the same time move
from right to left, or in the opposite direction from the current,
and so form an induced electric current.

If this current is checked by the electrical resistance of the
medium, the rotating particles will act upon the row of vortices
ki, and make them revolve in the positive direction till they
arrive at such a velocity that the motion of the particles is reduced
to that of ratation, an\:{theinduccd cnrrent disappests, If, now,
the primary current A B he stopped, the vortices in the row g A
will be checked, while those of the row 7 still continne in rapid
motion. The momentum of the vortices beyond the layer of
particles p ¢ will tend to move them from left to right, that is,
m the direction of the primary current; but if this motion is
resisted by the medinm, the mation of the vortices beyond p g
will be gradually destroyed.

It nppears therefore that the phenomena of induced eurrents
are part of the process of comnmunicating the rotatory velocity of
the vortices from one part of the ficld to another.

[To be continued.]

TT o
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Here the near coincidence of the results in the first and third
columns chows that the relation between % and T may be ap-
proximately expressed by the formula

-
k=14-15T%,orT=(i%§). A 4

Hastinga, April 1, 1861.

e——

LI. On Physical Lines of Force. ByJ.C. Maxwgrr, Professor
of Natural Philosophy in King’s College, London.

[With e Plate.]

Part XL—The Theory of Molecular Vertices applied to Electric
’ Currents.

[Concluded from p. 291.]

AS an example of the action of the vortices in producing in-
duced currents, let us take the following case:—Let B,
PL. V. fig. 8, be a circular ring, of uniform section, lapped uni-
formly with covered wire. It may be shown that if an electrie
current is passed through this wire, a magnet placed within the
coil of wire will be strongly affected, but nv magnetic effect will
be produced on eny external point, The effect will be that of
a magnet bent round Il ita two poles are in contact.

If the coil is properly made, no effect on & magnet placed out-
side 1t can be discovered, whether the current is kept constant or
made to vary in strength; but if a conducting wire C be made
to embrace the ring any number of times, an electromotive force
will act on that wire whenever the current in the coil is made to
vary ; and if the circait be closed, there will be an actual current
in the wire C.

This experiment shows that, in order to produce the electro-
motive force, it is not necessary that the conducting wire should
be placed in a ficld of magnetic force, or that lines of magnetic
force should pass through the aubstance of the wire or near if.
All that is required is that lines of force should pass through the
eircuit of the conductor, and that these lincs of foree should vary
in quantity during the experiment.

In this case the vortices, of which we suppose the lines of
magnetic farce to consist, arc all within the hollow of the ring,
aud outside the ring all ia at rest. If there is no conducting
circuit embracing the ring, then, when the primary current is
raade or broken, there is no action outside the ring, except an in-
stantancous pressure between the particles and the vortices which
they separate. If therc is a coutinuous conducting” circuit em-
bracing the ring, then, when the primary current 13 made, there
will be & current in the opposite direction through C; and when
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it i broken, there will be a current througl: C in the same direc-
tion as the primary current.

We may now perceive that induced currents are produced
when the eleetricity yields to the electromotive force,—this foree,
however, still existing when the formation of & sensible current,
is prevented by the resistance of the eireuit.

The elcetromotive force, of which the componentsare P, Q, R,
arises from the action hetween the vortices and the interposed
particles, when the velocity of rotation is altered in any part of
the field. It corresponds to the pressure on the axle of a
wheel in a machine when the veloeity of the driving wheel is in-
creaged or diminished.

The electrotonie state, whose components are F, G, H, is
what the electromotive force would be if the currents, &ec. to
which the lines of force are due, instead of arriving at their actual
state by degrees, had started instantaneously from rest with their
actual values. It corresponds tothe impulse which would act on
the axle of a wheel in a marchine jf the actual velocity were sud-
denly given to the driving wlhee), the machine being previonaly
at rest,

If the machine were suddenly stopped by stopping the driving
wheel, each wheel would receive an impulse equal and opposite
to that which it received when the machine was set in motion.

This impulse may be caleulated for any part of & system of
mechavism, and may be called the reduce:}) momentum of the
machine for that point. In the varied motion of the machine,
the actual force on any part arising from the variation of motion
may be fonnd by differentiating the reduced momentum with
respect to the time, just as we have found that the electromotive
foree may be deduced from the electrotonic state by the same
process,

Having found the relation between the velocities of the vor-
tices and the electromotive forces when the centres of the vortices
are at rest, we must extend our theory to the case of a fluid
medinm containing vortices, and gubject to ull the varieties of
flaid motion. If we fix our nttention on any one elementary
pertion of a flnid, we shall find thet it not only travels from one
Elace to snother, but also changes its form nntf position, so asto

¢ elongated in certain directions and compressed in others, and
at the same time (in the most gencral cese) turned round by &
displacement of rotation.

These changes of form and position produce changes in the
velocity of the molecular vortices, which we must now examine.

The alterntion of form and position may always be reduced to
three simple extensions or compressions in the direction of three
rectangular axes, together with threc angular rotations mbout

72 :
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* any set of threc axes, We shall first consider the effect of three
simple extensions ot compressions. _

Prop. 1X.—To find the variations of «, 8, v in the parallelo.
piped =, ¥, z when 2 hecomes z+8v; y, y+3y; mnd 2, 24+ 82;
the volume of the figure remaiping the same,

By Prop. 1L we find for the work done by the vortices against
pressure,

8W =p,b(xyz) — :{- (a¥yzbz + B2xby +o*ayds) ; (59)
and by Prop. VL. we find for the variation of energy,
$E= r‘; («bat BB +odylays. . . . . . (60)

The sum SW - SE must be zero by the conservation of energy,
and 8{zyz) =0, since zyz is constant; so that

u(aa—'uaf)'+B(33—3%)+q(ay—q§§)=o. (61)

In order that this should be true independently of any relations
between a, /3, and ry, we must have:

_ 8z _ 2% _ 8z
8.4--0:-.-_”—-, 313—-3?, 87--']'?. e e e s (52)

Prop. X.—To find the variations of &, 8, ¥ duetoa rotation &,
about the axis of # from y to 2, a rotation €, about the axis of ¥
from 2 to x, and a rotation &3 about the axis of z from z to .

The exis of 8 will move away from the axis of x by an sugle
6,; so that B resolved in the direction of & .changes from 0 to
— R0, i
The axis of « approaches that of 2 by an angle 8, ; so that the
' resolved part of « in direction z changes from 0 to 8.

The resolved part of « in the direction of # changes by a quan-
tity depending on the second power of the rotations, which may
be neglected. The variations of a, 8, v from this cause are
therefore

Sa=nl,—B0;, SBLaly—qd, &y= 88, —afl,. (63)

The most general expressions for the distortion of an clement
produced by the displacement of its different parts depend on the
nine quantities
d
dx
and these may always be expressed in terms of nine other quan-
tities, namely, three simple extensions or compressions,

8 8y o
PRI

d. d, dy d, di dg d dg
3z, -&;az, EE&:, aﬁy, d—yﬁy, &;By, RES:, @Bz, 2;33,
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along three axes properly chosen, &/, ¢/, &/, the nine direction-
cosines of these axes with their six connecting equations, which
are equivalent to three independent guantitics, and the three
rotations 8,, &,, @ about the axes of 2, y, 2.

Let the direetion-cosines of 2! with respect to 2, v, z be
1, my,n,, those of ¢/, I, mg,ny, and those of 2/, fy, mg, ny; then
we find

! o

Lo i

a &' 8 82!

Z Sr=1m, —;—j— + lym, yi,-i-lgms -J:l'"\gs: (64}

a & 5 &' .
531‘=31“1;r "rza"s—;/?, +la”s—;+9m E

with similar equations for quantities involving 8y and &z.
Let o, 3,  be the values of a, B, y referred to the axes of
¥, yf, 2; then
B=l+mef + gy, (65)
Y =l +mgB -+ nyy.
We shall then bave .
Sl 3o+ 138+ 47— B0y o . (68)
i & bz!
B g o0l (67
By substituting the values of &/, 8, /, and comparing with equa-
tions (64), we find

d d d
81:«53.'54—3@5&'-{—7};3& . . - .+ (68)

o' =lat+mPB+ n,q-,}

as the variation of « due to the change of form and position of
the element. The variations of 8 and «y have similar expressions,
Prop. X1.—To find the clectromotive forces in a moving body.
The variation of the velocity of the vortices in a moving ele-
ment is due to two causcs-—the action of the electromotive forces,
and the change of form and position of the element. The whole
variation of « is therefore

e — <7
1/dQ dRY d d d
L@ o ag b B by e (60)

Ba=—

But since « is a: function of #, ¥, z and {, the variation of « may
be also written

dat da dx du
do== -‘-1’-;8.7."}- a—'jay'f- 2;;8»-}- ;”—Sfl . v . e (70}
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Equating the two valucs of 8z aud dividing by 8, and remem.
bering that in the motion of an incompressible medium
ddx  ddy dds_
%E"’@Rg’""a}'g-—-o, . - . . X . (71)
and that in the absence of fre¢ magnetism

da d8  dy
E"‘d‘—'y +d—z—0, L} -+ * L3 - - - L] (72)
we find o
ddr dde ddy ,dde M

e
1(dQ _dR d dz
- ;(?f;“f Vg nwd e Py
dyde dade dedy  dfde da_ }
tra s E watya a1
1(dG _dH

o= ; E — dy ] . " . . . L] (74)

de 1fd°G d°H
i=iGaga) -
where F, G, and H are the values of theelectrotonic componenta
for a fixed point of space, our equation becomes

7

d da dz dG\ d dy dx dH
— A e — e ) — — Sy 1=0, (76
dz(Q+W, TRl TP dy(RJr”“dz wB— o ) =0 (70)
The expressions for the variations of Sand y give us two other
equations which may be written down from symmetry. The
complete solution of the three equations is
dy . dz dF a¥ )
P—P'}’d—t' —Pﬁgfﬂ‘- primlrrt
dz de  dG 4T
—pa g oy L (77
U=padp—mrg + @ ~dap 77
gl dy AU AW
Rl e~ ~ @ |

The firet and seconil terms of cach cquation indicate the effect
of the motion of any body in the magnetic field, the third term
refers to changes in the electrotonic state produced by alterations
of position or intensity of magnets or currents in the field, and
¥ is a function of &, ¥, 2, and #, which is indeterminate as far
as regards the solution of the original equations, but which may
~ slwaya be determined in any given case from the circumstances
. of the problem. The physical interpretation of ¥ is, that it is
the electric fension at each point of apace.
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The physical mesning of the terms in the expression for the
electromotive foree depending on the motion of the body, may
be made simpler by supposing the ficld of magnetic force uni-
formly magnetized with intensity « in the direction of the axia
of 2. ‘Then if , m, n be the dircction-cosines of any portion of
s linear conductor, and S its length, the electromotive force
resolved in the direction of the conductor will be

e=SPI4+Qm+Ra), . . . . . (78)
or

dz '
e=Sya(mEE—-—nE§'{, e e e s (79)

that is, the product of pa, the quantity of magnetic induction
over unit of area multiplied by S(mg? —-n%), the arca swept

out by the conductor 8 in unit of time, resolved perpendicular
to the direction of the magnetic farce. :

The electromotive force in any part of a conductor due to its
motion is thercfore measured by the number of lines of magnetic
force which it crosses in unit of time; and the total electromo-
tive force in a clored conductor i measured by the change of the
number of lines of force which pass through 1t ; and this is true
whether the change be produced by the motion of the conductor
or by any external cause.

In order to understand the mechanism by which the motion
of 1 conductor across lines of megnetic force generates an elec-
tromotive force in that conductor, we must remember that in
Prop. X. we have proved that the change of form of a portion of
the mediam containing vortices produses a change of the velocity
of those vortices; and in particular that an extension of the
medinny in the direction of the axes of the vortices, combined
with & contrection in all directions perpendicular to this, pro-
duces an increase of veloeity of the vortices ; while a shortening
of the axis and bulging of the sides produces a diminution of the
velocity of the vartices.

This change of the veloeity of the vortices arises from the n-
ternal effects of change of form, and is independent of that pro-
duced by externaleclectromotive furces.  If; therefore, the change
of velocity be prevented or checked, electromotive forces will
arisc, because each vortex will press on the surrounding particles
in the direction in which it tends to alter its motion.

Tet A, fig. 4, represent the section of a vertical wire moving
in the dircetion‘of the arrow from west to east, across & aystem
of lines of magnetic force running north and south, The curved
lines in fig. 4 represent the lines of fluid motion about the wire,
the wire being regarded as stationary, and the fluid as baving &
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motion relative to it. It is evident that, from this figure, we can
trace the variations of form of ru clement of the #luid, as the
form of the clement depends, not on the absolute motion of the
whole system, but on the relative motion of its parts,

In front of the wire, that is, on its east aide, it will be seen that
as the wire approaches cach portion of the medium, that portion
is more and more compressed in the direction from east to west,
and extended in the direction from north to south; and since
the axes of the vortices lie in the north and south direction, their
velocity will continually tend to increase by Prop. X., unless
prevented or checked by electromotive forces acting on the cir.
cumference of each vortex,

We shall consider an electromotive foree as positive when the
vortices tend to move the interjacent particles upwards perpendi-
cularly to the plane of the paper.

The vortices appear to revolve as the hands of a watch when
we Jook at them from south to north; so that each vortex moves
upwards on its west side, and downwards on ita east side, In
front of the wire, therefore, where each vortex is atriving to in-
crease its velocity, the electromotive force npwards must be
greater on its west than on its epst side. There will therefore
be a continual incrense of upward electromotive force from the
remote east, where it is zero, to the front of the moving wire,
where the upward foree will be strongest,

Behind the wire a different action takes place. As the wire
moves away from each snccessive portion of the medium, that
portion is extended from east to west, and compressed from north
to south, 8o as to tend to diminish the velacity of the vortices,

- and therefore to make the upward electromotive force greater

on the east than on the west side of each vortex. The upward
electromotive force will therefore increase continually from the
remate west, where it is zero, to the back of the moving wire,
where it will be strongest.

It appears; therefore, that a vertical wire moving enstwards
will experience an elcctromotive furee tending to produce in it
an upward current. If there is no conducting cireuit in cun-
nexion with the ends of the wire, ne current will be formed, and
the maguetic forces will not be altered; but if such a eirenit
exists, there will be a currcnt, and the lines of magnetic force
and the velocity of the vortices will be altered from their state
previous to the motion of the wire. The change in the lines of
force is shown in fig. 5. The vorticesin front of the wire, instead
of merely producing pressures, actually increase in veloeity, while
thore behind have their velocity diminished, and those at the sices
of the wire have the dircction of their.axes altered ; so that the
final effect is to produce a force acting on the wire as n resiat-
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anre to its motion. We may now recapitulate the assumptions
we have made, and the resulta we liave obtained.

(1} Magueto-electric phenomena are due to the existence of
matter under certain conditions of motion or of pressure in every
I:m't of the magnetic field, and not to divect action at a distance .

etween the magnets or currents. The substance producing
these effects may be a certain part of ordinary matter, or it may
be an sther essociated with matter. Its density is greatest in
iron, knd least in diamagnetic substances; but it must be in all
cas¢s, except that of iron, very rare, since no other substance has
& large ratio of magnetic capacity to what we call a vacuum.

(2) The condition of any part of the field, through which lines
of magnetic force pass, is one of unequal pressure in different
directions, the direction of the lines of force being that of least
pressure, %o that the lines of force may be considered lines of
tenalon, -

(3) This incquality of pressure is produced by the existence
in the medium of vortices or eddies, having their axes in the
direction of the linea of force, and having their direction of rota-
tion determiined by that of the lines of force.

We have supposed that the direction was that of a watch to a
spectator looking from south to north. We might with equal
propriety have chosen the reverse direction, as far-as known facts
are concerned, by supposing resinous clectricityinatead of vitreous
to be positive. The effect of thesc vortices depends on their
density, and on their velocity at the circumference, and s inde-
pendent of their diameter, ‘The density must be proportional to
the capacity of the substance for magnetic induction, that of the
vortices in air being 1. The velocity must be very great, in
order to produce so powerful effects.in so rare a medium. _

The size of the vortices is indeterminate, but is probably very
small as compared with that of a complete molecuﬁ: of ordinary
matter*, ,

(4} The vortices are separated {rom each other by a single
Inyer of round particles, o that a“kystem of cells is formed, the
partitions being these layers of particles, and the substance of
each cell being capable of rotating as a vortex.

(6) The particles forming the Jayer ace in rolling contact with
both the vortices which they separate, but do not rub against
cach other. They are perfectly free to roll between the vortices

* The engular momentum of the system of vortices dependa on their
arerage dinmeter ; %o that if the diameter were sensible, we might expect
that a magnet would behnve e if it contnined a revolviog body within it,
and that the cxistence of this rotation might be detected hy experiments on
the free rotation of a magnet, I have made experiments to investigate thin
question, but have not yet fully tried the apparatos,
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and so to change their place, provided they keep within one
complete molecule of the substance; but in paseing from one
molecule to another they experience resistance, and generate
irregular motions, which constitute heat, These particles, in our
theory, play the part of electricity. Their motion of translation
constitutes an electric current, their rotation serves to transmit
the motion of the vortices from one part of the field to another,
#nd the tangential pressures thus called into lay constitute elee-
tromotive force.  The conception of a particle having its motion
sonnected with that of a vortex by perfect rolling contact may
appear somewhat awkward. I do not bring it forward as a mode
of connexion existing in nature, or even as that which I would
willingly asscnt to as an electrical hypothesis. It is, however, a
mode of ronnexion which is mechanically conceivable, and easily
investigated, and it serves to bring out the actual mechunical
connexions between the known electro-maguetic phenomena ; a0
" that I venture to say that any one who understands the provisional
and temporary character of this hypothesis, will find himself
rather helped than hindered by it n his scarch after the true
interpretation of the phenomena,

The notion between the vortices and the layers of particles ia
in part tangential ; so that if there were any slipping or différen-
tial motion hetwcen the parts in contact, there would be n loss of
the energy belonging to the liney of force, and a gradual trans.
formation of that energy into heat. Now we know that the
lines of force about & maguet are maintained for an indefinite
time without any expenditure of energy ; #0 that we must con-
clude that wherever there is tangential action between different
parts of the medium, there is no motion of alipping between
those parts. We must therefore conceive that the vortices and
particles roll together without slipping; and that the interior
stratn of cach vortex receive their proper velocities from the ex-
terior stratum without slipping, that is, the augular velocity
must be the same throughout cach vortex.

The only process in which Bleclro-magnetic energy is lost and
transformed into heat, is in the passage of clectricity from one
molecule to another. In all other cases the energy of the vor-
ticen ean only be diminished when an equivalent quantity of me-
ehanical work is dane by magnetic action.

(6) The effect of an electvic current upon the surrounding
medinm is to make the vortices in contact with the current
revolve so that the parts next to the current move in the same
direction as the current. ‘The parts farthest from the current
will move in the apposite direction ; and if the medium is a con-
ductor of electricity, so that the particles are free to move in an
direction, the particles touching the outside of these vorticeswil{
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be moved in a direction contrary to thut of the current, so that
there will be an induced current in the opposite direction to the
primary one.

If there were no resistance to the motion of the particles, the
induced current would be equal and opposite to the primary one,
end would continue as long as the primary current lasted, so that
it would prevent all action of the primary current at a distance.
I there is a resistance to the induced current, its particles net
upon the vortices beyond them, and transmit the motion of rota-
tion to them, till at last all the vortices in the medium are set in
motion with such velocities of rotation that the particles between
them have no motion except that of rotation, and do not produce
currents.

In the transmission of the motion from one vertex to another,
there arises a force between the particles and the vortices, by
which the particlee are pressed in one direction and the vortices
in the opposite direction, We cell the force acting on the par-
ticles the electromotive force. The reaction on the vortices is
equal anil opposite, so that the electromotive force cannot move
any part of the medium as a whole, it ean only produce currents,
W{nen the primary corrent is stopped, the electromotive forces
all act in the opposite direction.

(?) When an electric current or a magnet is*movel in pre-
sence of & conductor, the velocity of rotation of the vortices in
any part of the field is altered by that motion. The force by
which the proper amount of rotation is transmitted to each vor-
tex, constitutes in this case also an electromotive force, and, if
peemitted, will produce currents.

(8) When a conductor is moved in a fleld of magnetic force,
the vortices in it and in its neighbourhood are moved out of
thewr places, and are changed in form. The force arising from
these changes canstitutes the electromotive force on a moving
conductor, and is found hy calenlation to correspond with that
determined by experiment.

We have now shown in what way clectro-magnetic phenomena
may be imtated by an imaginary system of molecnlar vortices,
Those who have been already inclined to adopt on hypothesis of
thie kind, will find here the conditions which muat be fulfilled in
order to give 1t mathematical coherence, and a comparison, so
far satisfactory, between its necessary results and known facts,
Those who lock in a different direction for the explanation of the
facts, may be able to compare this theory with that of the existe
ence of currents flowing frecly through bodics, and with that
which supposea electricity to act at a distance with a foree de-
pending on its velocity, and therefore not subject to the law of
tonservation of cnergy.
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The facts of electro-magnetism are s0 complicated and various,
that the explanation of any number of them by several different
hypotheses must be intercsting, not only to physicists, but to all
who desire to understand how much evidence the explanation of
phenomena lends to the credibility of a theory, or how far we
ought to regard a coincidence in the mathematical expression of
‘two sets of phenomena as an indication that these phenomena
are of the same kind, We know that partial coincidences of this
'kind have been discovered; and the fact that they are only
partial is proved by the divergence of the laws of the two scts of
Ehenomena in other rcepects. We may chance to find, in the

igher parts of physics, instances of more complete coineidence,
which may require much investigation to detect their ultimate

divergence.

Note—Since the first part of- this paper was written, I have
scen in Crelle’s Journal for 1859, a paper by Prof. Helmholtz on
Tluid Motion, in which he has pointed out that the lines of fluid
motion are arranged according to the same laws as the lines of
magnetic force, the path of an electric current corresponding te
a line of axes of those particles of the fluid which are in a state
of rotation, This is an additional instance of & physical eralogy,
the investigation of which may illustrate both electro-maguets
and hydrodynamics. :




{ (\g

_ | - ;
- . - T - ) - - I T . e Ty
’—' e —_— ~ e _ _____.§:\..._._,___.?f/.‘\.\\i o *_%‘\—/ )
_ T S _ — P ~.
e e T T \ oo e
B T T T —— \ . c

- ,_
—
—
T
F
’ !
|
s
S8
S
}
—_ \\
- 5
- '\
L)




11L. On Physicé? Lines of Force. By J. C. Maxwris, F.R.S.,
Professer of Natural Philosephy in King’s College, London*,

ParT 111 The Theory of Molecular Vortices applied to
Statical Electricity.

IN the first part of this papert 1 bave shown how the forces

acting between magnets, electric currents, and matter capa-
ble of magnetic induction may be accounted for on the hypothesis
of the magnctic field being occupied with innumerable vortices
of revolving matter, their axes coinciding with the direction of
the magnetie force st cvery point of the field, .

The centrifugal foree of these vortices produces pressures di-
stributed in such a way that the final effect is a force identical
in direction and magnitude with that which we observe.

In the second part} 1 described the mechanism by which
these rotations may be made to coexist, and to be distributed
according to the known laws of magnetic lines of force,

* Communicated by the Author,
+ Phil. Mag. Marcfl 1861, Plil. Mag. April nnd May 1861,
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" I conceived the rotating matter to be the substance of certain
eclls, divided from each other by cell-walls composed of particles
which are very small compared with the cells, and that it is by
the motinns ofv these particles, and'their tangential action on the
substance in the cells, that the rotation is communicated from
one cell to another,

I'have not attempted to explain this tangential action, but it
is necessary to suppose, in order to account for the transmission
of ratation from the exterior to the interior parta of each ccll,
that the substance in the cells possesses elasticity of figure,
stmilar in kind, though different 1 degree, to that observed in
solid bodies. The undulatory theory of light requires us to
admit this kind of elasticity in the liminiferous medium, in
order to account for transverse vibrations, We need not then
be surprised if the magneto-electric miedinm possesses the same
property,

According to vur theory, the particles which form the partitions
between the cells constitute the matier of electricity. The
motion of these particles constitutes an electric current; the
tangential force with which the particles are pressed by the
matter of ‘the cells is electromotive force, and the pressure of
the particles on’ each other corresponds to the tension or poten-
tial of the electricity. .

If we can now explain the condition of a body with respect to
the surrounding medium when it is said to be  charged” with_
electricity, and aecount for the forces ncting hetween electrified
bodies, we shall have established a connexion between ell the
principal phenomena of clectrica) science,

We know by experiment that clectric tension is the same
thing, whether observed in statical or in current electricity ; &o
that an electromotive force produced by magnetiam may be
made to charge a Leyden jar, as is done by the coil machine,

When a difference of tension exists in different parts of any
body, the electreity passes, or tends to pass, from places of
greater to places of smaller tension.  If the body is e conduetor,
au actual passage of clectricity takes place; and if the difference
of tensions is kept up, the current continues to flow with a
velocity proportional inversely to the resistance, or directly to the
conductivity of the body.

The electric resistance has a very wide range of values, that
of the metals being the smallest, and that of glass being so
great that a charge of electricity has been preserved* in a glass
vessel for years without penetrating the thickness of the glass.

Bodies which do pot permit & current of clectricity to flow
through them ore ealled insulators.  But though electricity does

* By Professor W, Thomson.
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not flow through them, electrical effects are propagated through
them, and the amount of these effects differs eccording to the
nature of the body; so that equally good insulators may act
differently as dielectrica®. '

Here then we have two independent gualities of bodies, one
by which they allow of the passage of electricity through them,
snd the other by which they allow of electrical action being
tranemitted through them without any electricity being allowed
to pass. A conducting body may be compared to a porous
membrane which opposes more ar less resistance to the passage
of a fluid, while a dielectrie is like an elastic membrane which
may be impervious to the fluid, but transmits the pressure of the
fluid on one side to that om the other,

Aa long as electromotive force acts on a conductor, it produces
n current which, as it meets with resistance, decasions a continual
transformation of electrical energy into heat, which is incapable
of being restored again as electrical energy by any reversion of
the process,

Electromotive force acting on a diclectric produces & state of
polarization of its parts similar in distribution to the polarity of
the particles of iron under the influence of a magnett, and, ¥ike
the magnetic polarization, eapable of being described as a state
in which every particle has ita poles in opposite conditions.

In a dielectric under induction, we may conceive that the
eleetricity in cach molecule is so displaced that one side is ven-
dered positively, and the other negatively electrical, but that the
electricity remains entirely connected with the molecule, and
does not pass from one molecule to another,

The effect of this action on the whole dielectric mass is to
produce a general displacement of the electrieity in 2 certain
direction. This displacement does not smount to a current,
beecause when it has attained a certain value it remains constant,
but it is the commencement of n current, and its variations con-
atitute currents in the positive or neghtive direction, according
as the displacement is increasing or diminishing. The amount
of the displacement depends on the nature of the body, and on
the electromotive force; so that if A is the displacement, B the
electromotive force, and F a coefficient depending on the nature

of the dielectrie, R=—4mEsh;
and if r is the value of the electric eurrent due to displacement,
b
2 d‘l

* Paraday, * Experimental Researches,” Scries X1,
4 See Prof. Mozeotti, * Discussione Analitica,” Memorie dellz Soe. Ita-
Fane (Modena), vol, xxiv. part 2. p. 49.
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These relations are independent of any thcory about the internal
mechanism of dielcetrics ; but when we find electromotive force
producing electric displacement ina diclectric, and when we find
the dielectric .recovering from its state of cleetric diaplacement
with an equal electromotive foree, we cannot help regarding the
phenomena as those of an elastic body, yiclding to a pressure,
and recovering its form when the pressurc is removei.

According to our hypothesis, the magnetic medium is divided
into cells, separated by partitions formed of & stratum of particles
which play the part of clectricity. When the clectric particles
are urged in any dircction, they will, by their tangential action
on the elastic substance of the cells, distort each cell, and call
mto play an equal and opposite force arising from the elas-
ticity of the eells. When the force is removed, the cells will
recover their form, and the clectricity will return to its former
position, o

In the following investigation 1 have considered the relation
between the” displacement and the force producing it, on the
supposition that the cells arc spherical.  The actual form of the
cells probably does not differ from that of a sphere sufficiently
to make much difference in the numerical result.

I have deduced from this result the relation between the
statical and dynamical measures of clectricity, and Have shown,
by B comparison of the electro-magnetic experiments of MM.

ohlrausch and Weber with the velocity of light as found by
M. Fizeau, that the elasticity of Lthe magnetic medium in air is
the sume as that of the lumuniferons medium, if these two coex-
istent, coextensive, and equally elastic media ave not rather one
medium.

It appears also from Prop. XV, that the attraction between
two electrified bodies depends on the value of E2, and that there-
fore it would be less in turpentine than in air, if the quantity of
electricity in cach body remains the same.  1If, however, the
potentials of the two bodies were given, the attraction between
them would vary inversely as E®, and would be grester in turpen-
tine than in air.

Prap. X11.—To find the eonditions of cquilibrium of an elastic
sphere whose surface is exposed to normal and tangentinl forces,
the tangential forces being proportional to the elne of the distancs
from a given point on the sphere.

Let the axis of 2 be the axis of spherical coordinates,

Let £, n, { be the displacements of any particle of the sphere
in the dircctions of #; y, and 2.

Let pue, Pyy, Pre be the stresses normal to planes perpendienlar
1o the three axes, and let py,, p.e, poy be the stresses of distortion
in the planes yz, zz, and zy.



Let u be the coefficient of cubic elasticity, so that if
Pas=Pyy=Pe2™=P)

dE dy 4
p= #(ﬂ+¢f+d .. . (80)

~ Let m be the coefficient of rigidity, so that
' d d
P _p”—m(di a’n) Be. . . . . . (B1)

Then we have the following equations of elasticity in an isotropic
medinm,

pre= (=) (S + P+ ) +mfes - (82

with similar equations in y and z, and also
m {dn dé‘)
Pys= 2(dz+d & o . . o . . (B3

Tn the casc of the sphere, let us assume the radina =@nd

E=exz, n=exy, {=flz®+yH)+gst @ . {B4)

Then )
Pu=2{p—ym)(e+g)z + mez=pp,
Pea=2p—tm}e+g)z +2myz,

m
=35 e+, L. . . (85)
m
Pe=g (e +2f)z,
P==0. J
" The eguation of internal eguilibrium with respeet to z is

d d d |
d’;sz'f‘ d_ypyl’ + R;pggzo, . o+ . (86)

which is satisfied in this-case if
m{e+2f +2g) +2(u.—-—5-m)(e +9)=0. . (87)

* The tangential stress on the surface of the sphere, whose
radius i8 a at an angular distance & from the axis in plane w2,

T={pra—Pss) 5in 6 co8 & + p,, (cos® §—sin?f) . . (88}
=2m(e-+f—g)asin 8 cos® §— %‘1 (e+2f)sin . . (89)

In order that T may be proportional to sin 8, the first term must
vanish, and therefore

§=Q+f, T T R (90)
T—-———(e—|—2f ysin®, . . . (91}



The normal stress on the surface at any point is
N=p.sin?*@+p,coa® 0+ 2p,,sin 8 cos
=2(p— tm)(e+ g)acosd 4 2macos€((s +f)sin®d -i-gcos“ﬂ); {92)

by (87) and (90), '
or by (87) and { JN:—ma(£’+2f)C°39' e e (98)

The tangential displacement of any point is
t=Ecos 8~Lenf=—(a*f+d)sind. . . ., (94)
The normal displacement ia

n=Esin@+LeosO=(ae+f) +d)eosd. . . (95)
If we make
a!(e +f) +d= 0, ' . [ ' . [ (96)
there will be no normal displacement, and the displacement will
be entively tangential, znd we shall have

t=a*esinf, . . . . . . . (97}
The whole work done by the superficial forces is
U=4Z(Ti)ds,
the summation being extended over the surface of the sphere.
The cnergy of eclasticity in the substance of the sphere is

d€  dyp  db ity , 0 (d.:. dE
=i3{ = £ = — 4 -2 — o —n
U—EZ(&P;.+dyfﬁy,+d3Pu+ T T g Pt 7 fe

dy
dE  dn
+(G+ TV,
the summation being extended to the whole contents of the
sphere.

We find, as we ought, that these quantities have the same

value, namely
U=—§mrdme(e+2f). . . . . (98)

We may now suppose that the tangential action on the surface
arises from a ]a{'cr of particles in contact with it, the particles
being acted on by their own mutnal pressure, and acting on the
surfacea of the two cells with which they are in contact.

We assume the axis of 7z to be in the direction of maximum
variation of the pressure among the particles, and we have to
determine the relation between an electromotive force R acting
on the particles in that direction, and the clectrie displacement %
which accompanies it.

Prop, X111.—To find the relation between eleetromotive force
and electrie displacement when a uniform electromotive force R
acts parallel to the axis of 2,

Take any element 88 of the surfuce, covered with a stratum
Ptal, Mag. S, 4. Vol, 28, No. 151, Jan, 1862, C
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whose density is p, and having its normal inclined & to the axes
of z; then the tangential force upon it will be

pRS8sin #=2T88, . . . . . (99
T being, as before, the tangential force on each side of the sur-

face, TFuttingp= 2—11; as in equation (34)%, we find

=—Qmmale+2f). . . . . . {100

The displacement of electricity duc to the distortion of the
ephere is

384 ptsin & taken over the whole surface; . (101)

and if % 1s the cleetric displacement per unit of volume, we shall
have

trath=8a%, . . . . . . (102)
or
h= L ae; 103
. h=gmees oo e e (103)
8o that

Retrmtta, L. 04

4

or we may write
Re—dmB%, . . . . . . (105)
provided we asswma |
w2 L (00

i

Finding ¢ and [ from (87} and (90), we get
' B
Bmmm - . . . . . (107)

The ratio of m to p veries in diffevent substances; but in a
medium whose clnsticity depends entirely wpon forces ncting
between pirs of particles, this ratio is that of 6 to 5, and in this
‘case : . '

F=mm. . . . ., . . . . (108)

When the resistance to compression is infinitely greater than the
resistance to distortion, as in a liquid rendered slightly elastic
by gum or jelly,

E=8mm. . . . . . . , {108}
The value of £2 must lic hetwecn these limits. It is probable
that the substance of,our cells is of the former kind, and thal
we must use the first value of 1% which is that belonging to

* Phil. Mag. Apsil 1861,
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& hypothetically “ perfect "’ solid*, in which
' bm=06p, . . . . . . . . (110)

so that we must use cquation (108},

Prop. XTV.—To correet the equations (2) 1 of electric currents
for the effect due to the clastieity of the medium.

We have seen that cleetromotive foree and electric displace-
ment are connected by equation (105). Differentiating this
equation with respect to {, we find '

R _ g O
E— -'4:71']—_: E‘E, » [ ] - [} [} (111)

showing that when the clectromotive force varies, the eleefrie
displacement also varics, But a veriation of displacement is
equivalent to a current, and this current must be taken into
account it equations (9) and added to ». The three equations
then become

p= a(@; - - g )
.. (119)

1 ((fB " da 1 dﬁ)

TS da\dz Ay WA, i
where p, ¢, 7 are the clectric curvents in the directions of z, y,
wd z; a, A3, v sre the components of magnetic intensity ; and
P, Q, R are the electromotive forces. Now if ¢ be the quantity
of free electricity in unit of volume, then the equation of conti-
nuity will be

dp dg dr de_ . -

EE+E§+{?‘;+E-U. I . (113)
Differentiating (112} with respect to x, y, and z respectively, and
substituling, we fiml

de 1 dfdl  dQ  dRY

7=l w) - 01
whenee

_ 1 /dP  4Q 4R

8_4_"_7r]']*(h7:3 +(f_y +*E ;. . (115)

the constant being omitted, because ¢=0 when there are no elec-
tromotive forecs.
. Prop, XV.—To find the foree acting hetween two electrified .
odies, .
The cnergy in the medium arising from. the electric displace-

* Bee Rankine “On Elasticity,”.Camb. and Dub. Math. Joumn, 1851,
t Phil. Mag, March 1861,
c2
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ments is
L U= —33(f+Qy+RHV, . . . (116)
where P, Q, R are the forces, and 7, g, & the displacementa.

Now when there is no motion of the bodies or alteration of

forees, it appears from equations {77)% that
a¥ a¥ ay
Y o —_——— o,
= dx’ U= dy’ R dz’

and we know by (103) that
| P=—4xBY, Q=—4rEYy, R=—4nD%; . (119)

whenee _ .
U= 2(S S0 B Yav. . u20)

Integrating by parts throughout all space, and remembering that
¥ vanishos at an infinita distance,

d*‘l’ A v
| U= — e S0 (5 + g + T3 )8V, (1)
or by (115),
U=l§:(‘1’8)3v. . v ' O T T (122)
Now let there be two cleetrificd bodies, and Jet e, be the distri-

bution of electricity in the first, and ¥, the eclectric tension due
to it, and let

(118)

1 /d?¥, &%, 4%
Q=g g T Tf?l + dz*l)' - (129)
Liek ¢g be the distribution of clectricity in the second body, and

W, the tension dueto it; then the whele teusion at any point
will be ¥, 4 ¥, and the expansion for U will become

U=13(Te,+Vaoy+ Vygo + Tee )8V . . (124)

.Let the body whose electricity is ‘e, be. moved in any way,
the cleetricity moving along with the body, then since the dis-
tribution of tenston ‘~I"‘ moves with the body, the value of ¥,e
remams the same,

' o-8lso remains the same; and Green has shown (Iissay on
I'Iecl;nclty, p- 10) that ¥,e,=Wee,, so that the work done by
moving the body against electric forces

W=SU=SE(1P201)BV0 . . . * [125)
“And if e, is confined to p small bedy,
We=e ¥, |

* PLil. Mag. May 1861,
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or

Firme™2dr, . ... . (120)

where T is the resistance and dr the motion.

If the body e, be small, then if r is the distance from e;, equa-
tion (123) gives

W9=Egef: i
whence
F= _Eiﬁ;&; P T S T T T (127)

;
or the force is a repulsion varying inverscly as the square of the
distance,

Now let », and 7, be the same guantities of cleetricity mea-
sured statically, then we know by definition of clectrical quantity

F=-1§%; e e e . (128)

and this will be satisfied provided

m=Fz, and 5,=Fe;; . . . . (12Y)
8o that the quantity B previously determined in Prop. XITL is
the number by which the cleetrodynamic measure of any quan-
tity of electricity must be multiplicd to obtain its elecirostatic
measure.

That elcetric corrent which, cireulating round a ring whose
area 18 unity, produces the same effect on o distant magnet as a
magnet would produce whose strength is unity and length unity
placed perpendicularly to the plane of the ring, is a unit current ;
and E units of electricity, measured statically, traverse the
section of this current in one seeond,—thesc units being such
that any two of them, placed at unit of distance, repel each other
with unit of force.

We may sapposc either that I units of positive electricity
move in the positive direetion through the wire, or that E units
of negative clectricity move in the negative direction, or, thirdly,
that 4 E units of positive electricity move in the positive direction,
while $E units of negative electricity move in the negative diree-
tion at the same time,

The last is the supposition on which MM. Weber and Kohl-
rausch* proceed, who have found

$E=156,370,000,000, . . . . (130}
the unit of length being the millimetre, and that of time being
one second, whenee _

E=2810,740,000,000. . . . . (131}

¢ Abhandlungen der Kinig. Sticheisehen Geselischaft, vol.ili.(1857),p, 260,
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Prop. XVL—Tu find the rate of propagation of transverse
vibrations through the clastic medium of which the cells are
composed, on the supposition that its clasticity 1s due entirely Lo
forces acting between pairs of particles,

By the ordinary method of investigation we know that

V=\/"_",. .. .. (132)
f

where m is the coefficient of transverse elasticity, and p is the
density. By referring to the equations of Part L, it will be seen
that if p-is the density of the matter of the vortices, and w18 the
¢ coefficicnt of magnetic induction,”

ETP; o v e s e e (133}
whence . -
=V, . . . . . . (134}
and by (108), T T T
. . - L__E:V '\/ﬂu ';) - . . . . (135)
e ———— -
In air or vacuum p=1, and therefore
V=E,

2= 810,740,000,000 millimetres per second, » . (136)
=193,088 milcs per second.

The velocity of light in air, as determined by M. Fizeau*, is
70,843 leagues per sccond {25 leagues to a degree) which gives

V = 314,858,000,000 mitlimetres
=195,647 miles per second. . . . . (137)

The velocityof transversc undulations in our hypothetical medium,
caleulated from the electro-magnetic experiments of MM. Kohl-
rausch and Weber, agrees so exactly with the velocity of light
caleulated from tbe optical experiments of M. Fizeau, that we
can scarcely avoid the inference that fight consisis in the transverse
undulations of the same medium which is the cause aof electric and
magnelic phenomena. .

Prop. XVIL—Tu find the clectric capacity of a Leyden jar
composed of any given dielectric placed between two conducting
surfaces.

Let the electric tensions or potentials of the two surfaces be ¥,
and .. Let S be the area of each surface, and @ the distance
between them, and let ¢ and —e be the quantities of electricity

* Comptes Rendus, vol. xxix. (1849), p. %0. In Galbraith and Haugh-
ton's  Manusal of Astronomy,” M. Fizeau's result is stated ut 169,944 geo-
graphical miles of 1000 fathoms, whick gives 193,118 statute miles; the
value deduced from aberration is 102,000 miles,
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on each surface ; then the capacity .
(.'
Coy Dy - (109
Within the diclectric we have the varintion of ¥ perpendicular
to the surface '

=T
Beyond either surfrce this varation is zero.
Lenee by (115) applied &t the surfuce, the electiicity on unit
of arca is

‘]:.’ 17 1]..}‘9'

\P ,__'\If
417:]'1;§8‘2; . s . .« =N (189)
and we deduce the wheole capacity of the apparatus,
S ,
C— -T-‘;T_Egg » L3 ] L] (1%}

80 that the quantity of electricity required to bring the one sur-
face to a given tension varies dircetly as the surface, inversely as
the thickness, and inversely as the square of 1.

Now the cocflicient of induction of diclectrics is deduced from
the capacity of induction-apparatus formed of them; so thataf
D is that cocficicnt, I} varics inverscly as K2, and ig unity for
aie. Ilence

v -
Dagon o« v s e (14D
where V oand ¥, arc the veloeitics of light i alr and in the

medium. Now i 4 18 the index of refraction, 7 =h and
1
;2

]) = —3 . . . . . [] ]
" (142}
80 that the inductive power of a dielecivic varics diveetly as the
square of the indox of refraction, and inversely ns the magnetio
inductive power. '

In dense media, however, the optical, clectrie, and magnetio
phenomena may be modified in different degrees by the particles
of gross matter; and their mode of arvangement may influence
theso phenomena differently in different directions.  The axen
of optical, clectric, and magnetic properties will probably coin.
oide; but on aceount of the unknown and probably complicated
nature of the reactions of the henvy particles on the mtherial
medium, it may be impossible to discover any general numeneal
relations between the optiesl, electric, and inagnetic rativs of these
axes.

It seems probable, however, that the vatucof E, for any given
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axis, depends upon the velocity of light whose vibrations are
parallel to that axis, or whose plane of polarization is perpendi-
cular to that axis;

In a uniaxal crystal, the axial value of B will depend on the
velocity of the extraordinary ray, and the equatorial value will
depend on that of the ordinary ray. .

In “positive ” erystals, the axial value of B will be the least
and in negative the greatest, '

The value of D, which varies inversely as E?, will, celeris
paribus, be greatest for the axial direction in positive crystals,
and for the equatorial dircction in negative cryatals, such as Ice-
land spar, If o spherical portion of a erystal, radins =g, be sus-
pended in a field of clectric force which would act on unit of
electricity with forec =1, and if D, and D, be the coefficicnta of
dielectric induction along the two axes in the plane of rotation,
then if &be the inclination of the axis to the electric foree, the
moment tending to turn the sphere will be

8 (I,—D,) 2.8 .:

g (2Dl+1)[2D9+1)I a®sin28, . . . (143)
and the axis of greatest dielectric induction (D)) will tend to
become parallel to the lines of electric force.
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XIV. On Plysical Liner of Force. Byl. C. Maxwery, F.R.S,,
Professur of Natural Philosophy in King's College, London*.

Panr IV.—The Theory of Moleculor Vortices applied to the
Action of Magnetism on Polarized Light.

THE connexton between the distribution of lines of magpetic

force and that of electric currents may be completely ex-
pressed by saying that the work done on a unit of imagmary
magnetic matter, when carried round any closed curve, is pro-
portional to the guantity of electricity which passes through the
closed curve. The mathematical form of this law may be ex-
pressed as in equations (9}+, which I hcre repeat, where &, 5, v
are the rectangnlar components of magnetic intensity, and p, g, r
are the rectangular components of steady clectric currents,

=z (F-%) |

Sl |
=mlEz-2D [ @
_1 @_‘fﬁ)
"= m \dx dy/" I

The same mathematical connexion is found between other sets
of phenomena in physieal science. -

(1) If a, B, v represent displacements, velocities, or forces,
then p, ¢, r will be rotatory displacements, velocities of rotation,
or moments of couples producing rotation, in the elementary por-
tions of the mass.
> (2) If «, 3, o represent rotatory displacements in a uniform
and continuous substance, then p, g, r represent the relative
Jinear displacement of a particle with respeet to those in its im-
mediate neighbourhood.  Sec & paper by Prof. W, Thomson
“On a Mechanical Representation of Eleetric, Magnetie, and
Galvanie Forees,” Camb. and ublin Math, Journ. Jan, 1847,

(3) If &, 8, o represent the rotatory velocities of vortiees
whose centres ave fixed, then p, 4, » represent the veloeitics with
which loose particlea placed between them wonld be carried along.
Sce the second part of this paper (Phil. Mag. April 1861).

It appears from all these instances that the connexion between
magnetiam and cleetricity has the same mathematical form as
that between ccrtain pairs of phenomena, of which one has a
finear and the other a rofafory character. Drofessor Challist

* Communicated by the Anthor.
t Phil. Mag. March 1861,
{ Phil. Mag. December 1860, January and February 1861.
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coneeives magnetism to consist in currents of a fluid whose diree-

tion corresponds with that of the linca of maguetic force; and
clectric currents, on this theory, are accompanicd by, if not de-
pendent on, & rotatory motion of the fluid about the axes of the
carrent. Professor Helmholtz* has investigated the motion of
an incompressible fluid, and bas conecived lines drawn so as to
correspond at every pomnt with the instantaneous axis of rotation
of the fluid there. He has pointed out that the lines of flaid
motion are erranged aceording to the same laws with respect to
the lines of rotation, as those by which the lines of magnetic force
are srranged with respect to electric currents. On the other
hand, in this paper I have regarded magnctism asa phenome-
non of rotation, and electric currents as consisting of the actual
translation of particlcs, thus assumiug the inverse of the relation
between the two scts of phenomena.

Now it scems natural to supposc that all the direct effects of any
cause which is itsclf of o longitudinal character, must be them-
selves longitudinal, and that the direct effects of a rotatory cause
must be themselves rotatory. A motion of transiation along an
axis cannot produce a rotation about that axis unless it meets’
with some special mechanism, like that of a screw, which con-
neets & motion in & given dircetion along the axis with a rotation
in & given direction round it; and a motion of rotation, though
it may produce tension along the axis, cannot of itself produce a
current in’ one dircetion along the axis rather than the other.

TFlectric currents are known to produce cffects of transference
in the direction of the current. They transfer the electrical
atate from one body to another, and they transfer the clements
of electrolytes in oppesite dircetions, but they do not¥ cause the
plane of polarization of light to rotate when the Light traverses
the axis of the carrent. '

On the other hand, the magnetic state is not characterized by
an%r strictly longitudinal phenomenon. 'The north and south
poles differ only in their names, and these names might be
exchanged without allering the statement of any magnetic pheno-
menon ; whereas the positive and negative poles of a battery are
completely distinguished by the different elements of water which
arc evolved there. The magnetic state, however, is characterized
by & well-marked rotatory phenomenon discovered by Faraday{-—
the rotation of the plane of polarized light when transmitted
a'loag the lines of magpetic force,

hien a transparent diamagnctic substance has a ray of plane-
polarized light passed through it, and if lines of magnetic force

* Crelle, Journal, vol. lv. (1858) p. 25,

+ Faraday, ¢ Experimental Resoarches,” 851-954, and 2216-2220,
+ 1bid,, Series XIX.
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are then produced in the substanec by the action of a magnet or
of an clectrie current, the plane of polarization of the transmitted
light is found to be changed, und to be tarned through an angle
depending on the intenmty of the maguetizing force within the
substance.

The dircction of this rotation in diamagnetic substances is the
rame as that in which positive clectricity must circulate round
the substance in order to produce the actual magnetizing foree
within it; or if we supposc the horizontal part of terrestrial
magnetism to be the magnetizing force acting on the substance,
the plane of polarization would be turned in the direction of
the earth’s true rotation, that is, from west upwards to east.

In paramagnetic substances, M. Verdet® hos found that the
plane of polarization is turned in the opposite direction, that is,
in the direction in which negative electricity would flow if the
magnetization were effceted by a helix surrounding the substance.

In both cases the absolute dircetion of the rotation 1s the same,
whether the light passcs from north to south or from south to
north,—afact which distinguishes this phenomenon from the rota-
tion produced by quartz, turpentine, &e., in which the absclute
direetion of rotation is reversed when that of the light is reversed.
The rotation in the latter ease, whether related to an axis, as in
rsuartz, or not so related, asin fluids, indicates arelation between.
the dircetion of the ray and the direction of rotation, which is
similar in its formal expression to that between the longitudinal
and rotatory motions of & right-handed or a left-handed screw ;
and it indicates some property of the substance the mathematical
form of which exhibita right-handed or left-handed relations, such
ps are known to appear in the cxternalformsof erystals huving these
Emperlics. In the magnetic rotation no such relation appeats,

ut the diveetion of rotation is dircetly conneeted with that of
the magnetic lincs, in a way which scems to indicate that mag-
netism is really-a phenomenon of rotation.

The transference of eleetrolytes in fixed dircctions by the elec-
trie current, and the rotation of polarized light in fixed direc-
tions by magnotic foree, are the facts the cousideration of which
has induced me to regard magnetism as a phenomenon of rota-
tion, and electric currgiis as phenomena of tranalation, instend
of following out the analozy pointed out by Helmholtz, or adopt-
ing the theory propounded by Professor Challis.

The theory that clectric currents are linesr, and magnetic forces
rotatory phenomena, agrees so far with that of Ampere and Weber;
and the hvpothesis that the anagnetic rotations exist whercver
magnetic foree cxtends, that the centsifngal foree of these rote-
tions sccounts for magnetic attractions, and that the inertia of

* Comptes Rendus, vol. xliii. p. 520; vol. xliv. p. 1209,
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the vortices accounts for induced currents, is supported by the
opinion of Professor W. Thomsen*,  In fact the whole theory of
molecular vortices developed in this paper bas been suggested to
me by observing the dirvection in which those investigators who
study the action of media are looking for the explanation of tlec-
tro-magnetic phenomena.

Professor Thomson has pointed out that the cause of the mag-
netic action on light must be a real rotation going on in the
magnetic field. A right-hunded circularly polarized ry of hight
;8 found to travel with a different velocity according as it passes
from north to south, or from south to north, along a line of mag-
netic force. Now, whatever theory we adopt about the direction
of vibraticns in planc-pularized light, the geometrical arrange-
ment of the parts of the medium during the passage of a right-
handed circularly polarized ray is exactly the same whether the
ray is moving north or south. The only difference is, that the
particles describe their circles in opposite directions.  Since,
therefore, the configuration is the same 1n the two cases, the forces
acting between particles must be the same in both, and the mo-
tions due to these forces must be equal in velocity if the medium
was originally at rest; but if the medium be n a state of rota-
tion, either asa whole or in molecular vortices, the circular vibra-
tions of light may differ in velocity according as their direetion
is similar or contrary to that of the vortices.

We have now to investigate whether the hypothesis developed
in this paper—that magnetic force is duc: to the centrifugal force
of small vortices, and that these vortices consist of the same
matter the vibrations of which constitute light—leads to an
conclusions as to the effect of magnetism on polarized hght.
We suppose transverse vibrations to be transmiticd through a
magnetized medium. How will the propagation of these vibra-
tions be affected by the circumstance that portions of that me-
dium arcin a state of rotation?

Tn the follewing investigation, I have found that the only cffect
which the rotation of the vortices will have on the hght will be
to make the plane of polarization rotate in the same direction as
the vortices, through an angle proportional—

(A} to the thickness of the substance, ,

(B) Lo the resolved part of the magnetic force perallel to theray,
(C) to the index of rcfraction of the ray,

(D) inversely to the square of the wave-length in air,

(E) to the mean radius of the vortices,

(F) to the capncity fur magnetic induction.

* See Nichol's Cyclopedia, mt. * Magnetism, Dynamical Relations of,”

edition 1860; Proccedings of Roya! Society, Junc 1866 und June 1861 ;
snd Phil. Mag. 1857.
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A and B have been fully investigated by M. Verdet*, who has
shown that the rotation is strietly propertional to the thickness
and to the magnetizing foree, and that, when the ray is inclined
to the magnetizing furce, the rotation 1s as the cosine of that in-
clination, 1 has been supposed to give the truc relation between
- the rotation of different rays; but it is probable that C must
be taken into account in an accurate statement of the phenomena.
The rotation varies, not exactly inversely as the squarc of the
wave-length, but a little faster; so that for the highly refrangible
rays the rotation is greater than that given by this law, but more
nearly as the index of refraction divided by the square of the
wave-length.

The relation (E) between the amount of rotation and the size of
the vortices shows that different substances may differ in rota-
ting power independently of any obscrvable difference in other
respects. We know nothing of the absolute size of the vortices;
and on our hypothesis the optical phenomena are probably the
only data for determining their relative size in different sub-
stances,

On onr theory, the direction of the rotation of the plane of
polarization depends on that of the incan moment of momenta,
or ongular momentumn, of the molceular vortices; and since M.
Verdet has discovered that magnetic substancess have an effect
on light eppesite to that of diamagnetic substances, it follows
that the malecular rotation wmust be opposite in the two classes
of substances. :

We can no longer, therefore, consider diamagnetic bodies as
being those whosc coefficient of magnetic induction is less thanthat
of space crnpty of gross inatter. We must admit the diamagnetic
state to be the opposite of the paramagnetic ; and that the vor-
tices, or at least the influential majority of them, in diamagnetic
substances, revolve in the direction in which positive electricity
revolves i the magnetizing hobbin, while in paramagnctic sub-
stances they revolve in the opposite direction,

This result agrees so far with that part of the theory of M.
Webert which refers to the paramagnetic and diamagnetic condi-
tions, M. Weher supposes the electricity in paramagnetic budies
to revolve the same way ss the surrounding helix, while in dia-
magnetic bodies it revolves the gpposite way,  Now if we regard
negative or restnous clectricity as a substance the absence of
which constitutes positive or vitreous clectricity, the results will
be those actually observed. This will be true independently of
any other hypothesis than that of M. Weber about magnetism

* Annales de Chimie et de Physigue, sér. 3. vol. xb. p. 350; vol. xliii. p. 37.
t Layler's ¢ Scicatific Memoirs,” vol. v. p. 477,
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and diamagnetism, and does not reguire us to admit either M.
Weber’s theory of the mutual action of electric particles in
motion, or our theory of cells and cell-walls.
- I am inclined to believe that iron differs from other substances
in the manner of its action as well as in the intensity of its mag.-
netism; and I think its behaviour may be explained on our
hypothesis of molecular vortices, by supposing that the particles
of the iron tiself are sct in. rotation by the tangential action of
the vortices, in an opposite direction to their own, These large
heavy particles would thus be revolving exactly as we have sup-
posei the infinitely small particlea conatituting electricity to re-
volve, but without being free like them to change their p{acc anc
form currents, : _
The whole energy of rotation of the magnetized field would
thus be greatly increased, as we know it io be; but the angular
* momentum of the iron particles would be opposite to that of the
mtherinl cells and immensely greater, so that the total angular
momentam of the substance will be 'in the direction of rotation
of the iron, or the reverse of that of the vortices. Since, how-
ever, the angular momentum depends on the absolute size of the
revolving portions of the substance, it may depend on the state
of aggregation or chemical arrangement of the elements, ax well
as on the ultimate natare of the components of the substance.
Other phenomena in nature seem to lead to the conclusion that
all substances are made up of a number of parts, finite in size,
the particles composing these parts heing themselves capable of
internal motion. .
" Prop, XVIIL.—To find the angular momentum of a vortex.
The angnlar momentum of any material system about an axis
is the aum of the products of the mass, dm, of each particle multi-
plied by twice the area it describes about that axs in unit of
time; or if A is the angular momentum about the axis of 2,

dz  d

An we do not know the distribution of density within the
vortex, we shall determine the relation between the angular

momentum and the energy of the vortex which was found in
Prop. VI - ,
Sinee the time of revolution is the same throughout the vortex,

the mean angular velocity e will be uniform and = % where « is
T

the vclocity at the eircumference, and » the radius, Then

A=3Sdmr%s,
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and the energy
B=dZdmrten®=1 Aw,

S = %‘m*‘v by Prop. VI
whence

1
A:Epmv e e e e . (144)

for the axis of », with similar expressions for the other axes, V
being the volume, and r the radius of the vortex.

Prap. XIX.—To determinc the conditions of undulatory mo-
tion in a medium containing vortices, the vibrations being per-
pendicular to the direction of propagation. )

Let the waves be plane-waves propagated in the direction of 2,
and let the axis of # and y be taken in the directions of greatest
and least elasticity in the plane ay. Let z and y represent the
displacement parallel to these axes, which will be the same
throughout the same wave-surface, and thercfore we shall have z
and y functions of z and ¢ only. : .

Let X be the tangential stress on unit of area paralle] to 2y,
tending to move the part next the origin in the direction of 2.

Let Y be the eorresponding tangential
stress in the dircetion of y,

Let k) and &; be the coefficients of

-
-

=

Y
clasticity with respect to these two-kinda 2 = x
of tangential stress ; then, if the medium /
13 at rest, . Y '
dr ., dy 7
X.—k.l EE’ . Y-*:%

Now let us suppose vortices in the medinm whose velocities
arc represented as usnal by the symbols a, 8, v, and lot us BUp-~
pose that the value of & is increasing at the rate 2—:-, on account
of the action of the tangential stresses alonc, there being no
electromotive force in the ficld. The angular momentum in the
stratum whose area is unity, and thickness dz, is therefore jn-
treasing at the rate ;1}; ;.wj—; dz; and if the part of the force Y
which produces this effect is Y, then the moment of Y §s —Y'dz,
80 that YL-—-I'-— 11'!E | '

— 4w M w -
The complete ¥alue of Y when the vortices are in a state of

* Phil. Mag. April 1561.
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varicd motion ia

. dy _?1_ du_ _
G T (145)
Similarly, X =4, j_: + 1 F-‘T‘? _
4 {

_ The vgholp f_orcg m_:ting upon n stratum whose thickness is dz
and avea unity, is 'i—f— dz in the direction of z, and % dz in di-

rection of y. The mass of the stratum is pdz, so that we have
as the equations of motion, .

dz _dX _,d% 41 d8

P T ThNEt E RN T

diy _dY v _d1 o=

PiE =& TN T

(146)

Now the changes of velocity % and %? are produced by the

motion of the medinm containing the vortices, which distorts
and twists every clement of its mass; so that we must rcfer to
Prop. X.* to determine these quantities in terms of the motion.
We find there at equation (68),

d d d

Since 8z and 8y arc functions of z and ¢ only, we may write
this equation
e _ 22
&= VT’
and in hike manger, R Y A I
aB_, -
&~V ddt
so that if we now put k=47, k,=0%, and % %r 7-_--.:’, we may
write the equations of motion
d%z _ od% o d
=Tt gy
dy __62@_ g 4% .
P/ = T
These cquations may be satisfied by the values
x=A cos (nt—mx+a),}
y=Bsin (at—mz +a),
* Phil, Mag, May 1861,

... (148)

c .. (149)
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provided

(n? —m%®) A = mnctB,
and (n? —m%%) B== m¥*nc?A.
Multiplying the last two equations together, we find

(n*—m* )R~ mB) =mniet, . . . (151)
&n equation quadratic with respect to m?, the selution of which is

it = .. (52)

. a*+ 0T & (a?— %)+ dnt
*_These values of m® being put in the equations (150) will each
give a ratio of A and B, . .

A _ a8 VPP +anict
2nc* : !

which being substituted in equations (149), will satisfy the ori-
ginal equations (148). The most general undulation of such a
medium is therefore compounded of two elliptic undulations of
different eccentricitics travelling with different velocities and ro-
tating in opposite directions, The results may be more easily
explained in the case in which a=4; then

ni

m= iz and A=TB. . . (153

e o . (150)

Let us snppose that the value of A is unity for both vibrations,
then we shall have ' -

r= o8 (m‘-—- _ne + ¢0s (n[..... e
- s =

' . nz . nz
y=-—s1n (nt— a"——nc“) + an (nz——- T/—(_za;:——_n?).

The first terms of = and y represent a circular vibration in the
negative direction, and the second term a cireular vibration in
the positive direction, the positive having the greatest velocity of
propagation, Combining the terms, we may write

xzzcos(ntwpz)éosqzx}. .. . (155)
y=2 cos {nf —pz) sin gz, '

where
... _n + n
.:P 2 ¥al=n® 24 nt .
and C n n (156)
- q

TVl T e

These are the equations of an undulation consisting of a plane
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vibration whase periodic time 18 ?—E——, and wavc-]cngth'.gff =},

| plane of the vibration revolves about the axis of s in the positive

"'q G . 2 I
direction so'as to complete a revolution when 2= i

Now let us suppose ¢* small, then we may write

2,9
pzi—jamdq:%;. .. .. {157

' . 1r
and remembering that ¢ = — p py, we find

=TI . (15

q*2p?\.“v' . e e e e e (158}

Here 7 is the radius of the vortices, sn unknown guantity.

ia the density of the laminiferous medium in the body, which

18 also unknown ; but if we adopt the theory of Fresnel, and
make # the density in space devoid of gross matter, then

stie, R T T S T (]59)

where i is the index of rcfraction. .
Ou the theory of MacCullagh and Neumann,

: P=S. « « o o« . . (160)
in all bodies.

u i the cocficient of magnetic induction, which is unity in
gmpty space or in air.

o 18 the velocity of the vortices at their circumference esti-
mated in the ordmary units. Its value is unknown, but it is
proportional to the intensity of the magnetic force.

Let % be the magnetic intensity of the field, measured as in
the case of terrestrial magnetism, then the intrinsic energy in air
per unit of volume is
1wyt

P
Z ~ 8 8’

where s is the density of the magnetic medium in air, which we
have reason to belicve the same as that of the luminiferous
medium, We therefore put

=—Ze 4 . e . . (161)

 is the wave-length of the undulation in the substance. Now
if A be the wave-length for the same ray in sir, and { the index
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of refraction of that ray in the hody,

h-.-_-%........(im)

Also v, the velocity of light in the substance, is related to V, the
velocity of light in air, by the equation

V===, « « « o+ « « o+ (163)

Hence if z be the thickness of the substance through which the
ray passes, the.angle through which the planc of polarization
will be turned will be in degrees,

=" pz; . . . . . . (164
br, by whet we have now calculated,

Cane 1 pile
=90 o dAW {(165)

In this expression all the quantities are known hy experiment
except 7, the radius of the vortices in the body, and s, the density
of the luminiferous medium in air.

The experiments of M. Verdet* supply all that is wanted
except the determination of Z in absolute measure; and this
would also be known for sll his experiments, if the value of the
sulvanometer deflection for a semirotetion of the testing bobbin
m a known magnetic ficld, such as that duc to terrestrial mag-
netism at Paris, were once for all determined.

f——

XV. On the Composition, Structure, and Formation of Beekite,
By Anrour l. Cuounch, B.A. Ozen, F.C.S.4
[With o Plate.]

TI]ERE oceurs in the triassic yed conglomerate of Torbay

and its neighbourhood, an interesting siliceous substance
(gencrally considered to bo a variety of hornatone), which offers
a problem not only to the geologist and palzontologist, but also
to the chemist, The Beekite iy, in fact, not a mineral merely,
but & fossil which has been more or less completely mineralized,
the mineralization heving, however, been effected in a way not
very easy to understand. In the present paper, after having
quoted some authorities in order to show the geological character
and position of Beekites, I shall endeavour to throw some light,

* Annaies de Chimie et de Physique, sér. 3, vol, xli, p, 370,
T Commumeated by the Author,



